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Abstract

For large-scale optimisation problems a well-known technique is the decompo-
sition of a complex problem into smaller ones, to solve these independently.
The key for an effective optimisation is the correct decomposition of the prob-
lem. The variables which are optimised together should interact with each
other. In the single-objective case a lot of methods were developed to detect
these interactions and create a grouping of variables. This grouping methods
are used effectively in the single-objective environment, in the multi-objective
environment not much effort was put in the grouping of variables. The idea of
this work is to develop so called Transfer Strategies to apply single-objective
grouping methods to the multi-objective case. Two trivial, two dynamic and
one intelligent method, which analyses the variable interactions, were trans-
ferred from single- to the multi-objective case. The new methods were com-
pared against existing ones on a theoretical and empirical basis. The theoretic
evaluation analyses the found variable interactions of the approaches and com-
pares them against the correct ones. To do this, the structure of the LSMOP
benchmark problems is described in detail. In the empirical analysis the five
new proposed methods outperform a state-of-the-art multi-objective group-
ing method and significantly improve the performance of the state-of-the-art
algorithm LMEA.

I





Contents

List of Figures VIII

List of Tables X

List of Algorithms XI

List of Acronyms XIV

1. Introduction 1
1.1. Goals of the Work . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2. Organisation of the Document . . . . . . . . . . . . . . . . . . . 4

2. Theoretical Background 5
2.1. Multi-Objective Optimisation . . . . . . . . . . . . . . . . . . . 5
2.2. Pareto-Optimality . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.3. Evolutionary Algorithms . . . . . . . . . . . . . . . . . . . . . . 7
2.4. Problem Decomposition . . . . . . . . . . . . . . . . . . . . . . 9

2.4.1. Position Distance Grouping (PDG) . . . . . . . . . . . . 9
2.4.2. Interaction Grouping . . . . . . . . . . . . . . . . . . . . 11
2.4.3. Group Optimising: Cooperative Coevolution . . . . . . . 13

3. State of Research 15
3.1. State-of-the-Art Algorithms . . . . . . . . . . . . . . . . . . . . 15

3.1.1. MOEA/DVA . . . . . . . . . . . . . . . . . . . . . . . . 16
3.1.2. LMEA . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.1.3. Weighted Optimisation Framework . . . . . . . . . . . . 20

3.2. Performance Comparison . . . . . . . . . . . . . . . . . . . . . . 20
3.3. Single-Objective Grouping -Methods . . . . . . . . . . . . . . . 22

3.3.1. Random and Linear Grouping . . . . . . . . . . . . . . . 22

III



Contents

3.3.2. Delta Grouping . . . . . . . . . . . . . . . . . . . . . . . 22
3.3.3. Differential Grouping . . . . . . . . . . . . . . . . . . . . 23
3.3.4. Differential Grouping 2 . . . . . . . . . . . . . . . . . . . 25

3.4. Multi-Objective Grouping Methods . . . . . . . . . . . . . . . . 28
3.4.1. MOEA/DVA Grouping: Interdependence Analysis . . . . 28
3.4.2. LMEA Grouping: Correlation Analysis . . . . . . . . . . 30

3.5. Classification of Grouping Methods . . . . . . . . . . . . . . . . 31

4. Concept 33
4.1. Problems of existing Methods . . . . . . . . . . . . . . . . . . . 34
4.2. Transfer Strategies (TS) . . . . . . . . . . . . . . . . . . . . . . 35

4.2.1. Transfer Strategies for Objectives (TSO) . . . . . . . . . 37
4.2.2. Transfer Strategies for Variables (TSV) . . . . . . . . . . 38
4.2.3. Combinations of TSO and TSV . . . . . . . . . . . . . . 39
4.2.4. Relationship to existing Methods . . . . . . . . . . . . . 40

4.3. Transferred Grouping Methods . . . . . . . . . . . . . . . . . . 40
4.3.1. Trivial Grouping Methods . . . . . . . . . . . . . . . . . 41
4.3.2. Multi-objective Random & Delta Grouping . . . . . . . . 41
4.3.3. Multi-objective Differential Grouping 2 . . . . . . . . . . 42

4.4. Classification of the Grouping Methods . . . . . . . . . . . . . . 43
4.5. Reference Algorithms . . . . . . . . . . . . . . . . . . . . . . . . 44

5. Evaluation 47
5.1. Goals of the Evaluation . . . . . . . . . . . . . . . . . . . . . . . 47
5.2. Theoretical Analysis . . . . . . . . . . . . . . . . . . . . . . . . 49

5.2.1. Theoretic Grouping Description LSMOP . . . . . . . . . 49
5.2.2. Test LSMOP Instances . . . . . . . . . . . . . . . . . . . 54
5.2.3. Results of MDG2 . . . . . . . . . . . . . . . . . . . . . . 58
5.2.4. Comparison of TS and CA . . . . . . . . . . . . . . . . . 61

5.3. Experiment Specifications . . . . . . . . . . . . . . . . . . . . . 66
5.3.1. PlatEMO . . . . . . . . . . . . . . . . . . . . . . . . . . 66
5.3.2. Test Problems . . . . . . . . . . . . . . . . . . . . . . . . 66
5.3.3. Quality Criterions . . . . . . . . . . . . . . . . . . . . . . 67
5.3.4. Experiment Settings . . . . . . . . . . . . . . . . . . . . 68
5.3.5. Table Specifications . . . . . . . . . . . . . . . . . . . . . 69

IV



Contents

5.4. Empirical Results . . . . . . . . . . . . . . . . . . . . . . . . . . 71
5.4.1. Multidimensional Random Grouping . . . . . . . . . . . 71
5.4.2. Multidimensional Delta Grouping . . . . . . . . . . . . . 73
5.4.3. Comparison of MRAND and MDELTA . . . . . . . . . . 77
5.4.4. Transfer Strategies with MDG2 . . . . . . . . . . . . . . 79
5.4.5. General Comparison . . . . . . . . . . . . . . . . . . . . 84

5.5. Result Summary . . . . . . . . . . . . . . . . . . . . . . . . . . 93

6. Conclusion and Future Work 97
6.1. Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
6.2. Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

Appendices 101

A. Multidimensional Random Grouping 107

B. Multidimensional Delta Grouping 117

C. Comparison of Multidimensional Random and Delta Grouping 126

D. MDG2 Transfer Strategies 131

E. General Comparison 138

Bibliography 155

V





List of Figures

2.1. The general structure of an EA . . . . . . . . . . . . . . . . . . 8

2.2. Example for distance-related and position-related variables . . . 10

2.3. Graphical representation of the interaction conditions from
Equation 2.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

3.1. The VC method from LMEA to detect the position and distance
variables [34] . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3.2. Visualisation of the interaction detection of Differential Group-
ing 2 (DG2) directly taken from [19] . . . . . . . . . . . . . . . 26

3.3. Classification of interaction Grouping approaches . . . . . . . . 32

4.1. Three example interaction graphs, vertices represent variables
and edges interactions between them. Shared variables are
marked orange. . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

4.2. Interaction graphs of three objective functions. The Edges show
interaction between two decision variables . . . . . . . . . . . . 37

4.3. Combined Interaction Graphs of the three functions from Figure
4.2 for the two variants of Transfer Strategy Objective (TSO) . 37

4.4. Classification of existing and new Interaction Grouping approches 43

5.1. general structure of all Large-Scale Multi and Many-objective
Test Problem (LSMOP) problems. H(xf ) is the shape Ma-
trix, G(xs) the landscape matrix with the landscape functions
g1(x

s), ...gm(xs), correlation matrix C and linkage function
L(xs).The Figure was taken from [4] . . . . . . . . . . . . . . . 50

VII



List of Figures

5.2. Convergence plots of the median HV values of Ref1 with
MDELTA and the four SX methods on the LSMOP test suite
with 200 decision variables and 1, 200, 000 FEs, shown in Table
5.14 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

5.3. Convergence plot of the median IGD values of Ref1 with MDG2
and the four TS, 100 decision variables and 1, 000, 000 FEs for
LSMOP4, given in Table 5.18 . . . . . . . . . . . . . . . . . . . 83

5.4. Convergence plots for the Median HV values of the nine algo-
rithms for Ref1, 200 decision variables and 1, 200, 000 FEs on
the LSMOP test suite, shown in Table 5.20 . . . . . . . . . . . . 86

5.5. Convergence plots for the median HV values considering the
nine algorithms with n = 200, Ref1 and WFG1 - 6, given in
Table 5.21 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

5.6. Convergence plots for the median HV values considering the
nine algorithms with n = 200, Ref1 and WFG7 - 9, given in
Table 5.21 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

VIII



List of Tables

4.1. Number of groups and group size combinations of all SX and
NX versions of MRAND and MDELTA . . . . . . . . . . . . . . 42

5.1. Single-objective optimisation problems which were used to build
the multi-objective problems for LSMOP [4] . . . . . . . . . . . 52

5.2. Concrete instances of all nine LSMOP problems . . . . . . . . . 53

5.3. Structure of the LSMOP test suite for m = 2, n = 11 and nk = 2 57

5.4. Variable interactions for the two objective functions f1 and f2
of LSMOP2, identical with the result of Multi-objective Differ-
ential Grouping 2 (MDG2) . . . . . . . . . . . . . . . . . . . . . 57

5.5. Variable interactions detected by MDG2 for the two objective
functions f1 and f2 of LSMOP1,3,4 and 5 . . . . . . . . . . . . . 59

5.6. Variable interactions detected by MDG2 for the two objective
functions f1 and f2 of LSMOP6,7,8 and 9 . . . . . . . . . . . . . 59

5.7. Combined interaction matrices for the LSMOP2 problem and
the two TSO strategies Osingle (OS) and Oall (OA) . . . . . . . . 62

5.8. The combined interaction matrices of the two TSO methods
OS and OA based on the detected interactions of two objective
functions by MDG2 for LSMOP1,3,4 and 5 . . . . . . . . . . . . 63

5.9. The combined interaction matrices of the two TSO methods
OS and OA based on the detected interactions of two objective
functions by MDG2 for LSMOP6,7,8 and 9 . . . . . . . . . . . . 63

5.10. Variable interactions of WFG according to [12] . . . . . . . . . . 67

IX



List of Tables

5.11. Example table with statistically significance check for four ex-
ample algorithms A1 to A4 and five example problems P1 to P5.
The generated line of an overall comparison table is appended
at the bottom. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

5.12. Overall comparison of MRAND . . . . . . . . . . . . . . . . . . 72
5.13. Overall comparison of MDELTA . . . . . . . . . . . . . . . . . . 74
5.14. Median HV values of Ref1 with MDELTA and the four SX

methods on the LSMOP test suite with 200 decision variables
and 1, 200, 000 FEs . . . . . . . . . . . . . . . . . . . . . . . . . 75

5.15. Overall comparison of MRAND and MDELTA considering only
IGD values . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.16. IGD values of Ref1 with MRAND+S2 against MDELTA+S2
and MRAND+N50 against MDELTA+N50 on LMSOP with
100 decision variables and 1000000 function evaluations . . . . . 78

5.17. Overall comparison of DG2 and the four TS . . . . . . . . . . . 80
5.18. Median IGD values for Ref1 with MDG2 and the four TS for

the LSMOP test suite with 100 decision variables and 1, 000, 000

FEs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
5.19. General Comparison of the nine final grouping methods, only

HV values . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
5.20. Median HV values for the nine algorithms for Ref1, 200 decision

variables and 1, 200, 000 FEs for the LSMOP test suite . . . . . 85
5.21. Median HV values for the nine algorithms for Ref1, 200 decision

variables and 1, 200, 000 FEs for the WFG test suite . . . . . . . 88

X



List of Algorithms

1. Multi-Objective Evolutionary Algorithm based on Decision Vari-
able Analysis (MOEA/DVA) from [12] . . . . . . . . . . . . . . . 16

2. Large-Scale Many-Objective Evolutionary Algorithm (LMEA)
from [34] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3. The structure of Differential Grouping from [17] . . . . . . . . . . 24
4. Differential Grouping 2 from cite . . . . . . . . . . . . . . . . . . 27
5. Structure of the interaction grouping Interdependence Analysis

from MOEA/DVA [12] . . . . . . . . . . . . . . . . . . . . . . . . 29
6. The interaction grouping of LMEA Correlation Analysis from [34] 30

7. Reference algorithm 1 (Ref1) adapted LMEA . . . . . . . . . . . 44
8. Reference algorithm 2 (Ref2): combination of parts of

MOEA/DVA and LMEA . . . . . . . . . . . . . . . . . . . . . . 46

XI





List of Acronyms

EA Evolutionary Algorithm

CC Cooperative Coevolution

SOP Single-objective Optimisation Problem

MOP Multi-objective Optimisation Problem

FE Function Evaluation

IGD Inverted Generational Distance

HV Hypervolume

LSMOP Large-Scale Multi and Many-objective Test Problem

WFG Walking Fish Group

MOEA/DVA Multi-Objective Evolutionary Algorithm based on Decision
Variable Analysis

LMEA Large-Scale Many-Objective Evolutionary Algorithm

WOF Weighted Optimisation Framework

SMPSO Speed-constrained Multi-objective Particle Swarm Optimisation

GDE3 third version of the Generalised Differential Evolution Algorithm

CCGDE3 Cooperative Coevolutionary GDE3

NSGA-II Non-Dominated sorting Genetic Algorithm II

GM grouping method

XIII



LIST OF ALGORITHMS

PDG Position Distance Grouping

CVA Control Variable Analysis

VC Variable Clustering

T-ENS tree-based non-dominated sorting approach

IA Interdependence Analysis

CA Correlation Analysis

DG Differential Grouping

DG2 Differential Grouping 2

MRAND Multi-objective Random Grouping

MDELTA Multi-objective Delta Grouping

MDG2 Multi-objective Differential Grouping 2

TS Transfer Strategy

TSO Transfer Strategy Objective

TSV Transfer Strategy Variable

G1 1-Group

GN N-Group

MCS Maximal Complete Subgraphs

PlatEMO MATLAB Platform for Evolutionary Multi-objective Optimisa-
tion

IQR Inter Quartile Range

XIV



1. Introduction

We live in a digitalised world. The complexity and difficulty of problems with
which companies and industries are confronted increases. Problems which
cannot be solved analytically arise in numerous sectors, for example, chemistry,
physics, insurance, automotive and banking sector.

Consider the following example: A battery of an arbitrary electric car has to
be designed. It should fulfil several different criteria: it has to be as small and
cheap as possible and should have the largest possible capacity at the same
time. The question is what is the overall best battery regarding all criteria at
the same time? We want to find the smallest, cheapest battery with the most
capacity. One with a very big capacity is maybe bigger and more expensive, a
small and cheap one has most probably not as much capacity as the first one.
A battery which is superior in all three aspects at the same time against any
other combination is most likely non existent. The criteria are contradictory
in the way that improving one will most likely worsen another. A battery half
the size of another will be cheaper and smaller but will only have half the
capacity.

In the mathematical context, the task is an optimisation of several objectives.
In the example we have three objectives which have to be optimised at the same
time, namely the price, size and capacity. An optimal solution can often not
be found, the idea is to find batteries which provide a good trade-off between
all three aspects. The goal is not to find a single battery but several ones with
a good values for the objectives from which decision makers can choose.

Mathematically this is called a multi-objective optimisation problem. There
are three objectives; price, size and capacity, where the first two have to be
minimised and the third maximised. For many real world applications it is
nearly impossible to solve these problems in an analytical way. Instead meta-
heuristics like Evolutionary Algorithms (EA) or Particle Swarm Optimisation,
which are inspired by biology, are used effectively in this field. The idea behind
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1. Introduction

EAs is derived from the evolutionary theory. During evolution only individ-
uals which are fit and adjusted to the environment survive to then pass on
their genes to the next generation. EAs adapt this scheme and formulate a
mathematical optimisation procedure. Individuals are the possible solutions
which are described by a set of input parameters of the problem. These can
be altered by operators called mutation and crossover. The fitness is measured
with a predefined fitness function, in the mathematical context it is called a
objective function.

For the car example input parameters are every aspect of the battery one can
change when designing it, starting with the materials, cells, cables, connec-
tions, different electric components, cover panel and the list goes on. These
input parameters are called decision variables in the mathematical context and
can be altered and changed. Their values effect the three considered criteria,
or objectives. Due to the complexity of actual problems, the number of these
variables can be quite high. Usually Multi-objective problems with more than
100 decision variables are called large-scale.

With increasing number of variables the complexity of problems increases,
known as Curse of Dimensionality. Most of the EAs developed in the last
decade cannot perform well on these large-scale problems. In recent years the
interest in such methods increases. Nearly all of them depend on the idea of
a decomposition of the problem. This decomposition is done by combining
several decision variables in groups and optimising these independently. The
complex problem is divided into smaller sub-problems which can be solved
independently.

The key for the right decomposition is to find the correct variable groups, and
to find these groups the interactions between variables have do be determined
correctly. Approaches to find these interactions are called grouping meth-
ods. The correct grouping of variables is an open research question. Existing
multi-objective grouping methods need a high computational budget which
is infeasible for most of the real world applications where a single evaluation
of an individual can take a long time. Also it is not clear if they find the
correct variable interactions. A lot of effort was put in the development of
grouping methods for problems with only a single objective. Since the inter-
action of variables depend on the objective functions they cannot be applied
to multi-objective approaches.
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1.1. Goals of the Work

The general idea of this work is therefore to examine and research how this
well-known single-objective grouping methods can be applied to the multi-
objective case.

1.1. Goals of the Work

The overall topic of this work are variable grouping methods (GMs) in large-
scale multi-objective optimisation problems. The main research objective of
the work is the transfer of variable GMs from the single- to the multi-objective
case. The goals of this work are as follows:

1. Develop strategies which transfer single-objective grouping methods to
the multi-objective case

2. Examine the capabilities of existing and new approaches theoretically

3. Evaluate the performance of state-of-the-art grouping methods using the
proposed Transfer Strategies

The first goal is the core of the work. The single-objective GMs have to be
adapted to use them in an multi-objective environment. Methods for this
transfer are developed and applied to an single-objective GM.

The second goal is based on a theoretical analysis of existing benchmark prob-
lems, state-of-the-art and new GMs. The found groups of several approaches
are tested against the theoretical correct results. To do this, the structure of
benchmark problems is analysed to derive the true variable interactions from
the function definitions.

The third goal is the analysis of the proposed new approaches against each
other and existing ones. Empirical results are compared against the theo-
retic ones. The influence of different GMs on the performance of algorithms
is analysed. To give a good overview about the performance of the trans-
ferred approaches experiments with different numbers of decision variables and
benchmark problems are executed and evaluated.

3



1. Introduction

1.2. Organisation of the Document

The structure of this work is described in the following. In Chapter 2 the
theoretical background and necessary definitions are explained. The general
problem which is treated in this work is pointed out. The next Chapter 3
describes actual state-of-the-art approaches for evolutionary algorithms and
single- and multi-objective GMs. An overview about existing approaches is
given, the differences, advantages and disadvantages are discussed. Chapter
4 is the core of this thesis. Ideas and approaches to transfer single-objective
methods are described. The transferred GMs are explained in detail. Chapter
5 contains the evaluation of this work. The own approaches and solutions
are compared against existing ones. It is split in two parts, the theoretical
and empirical analysis. The last Chapter 6 is the conclusion, the work which
was done and the obtained results are summarised. Possible future research
questions which came up during the work on the thesis are mentioned. The
Appendices A to E contain all information and results which were obtained.
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2. Theoretical Background

In this chapter the theoretical background of this work is described. The
necessary information and definitions to understand the thesis are provided.

2.1. Multi-Objective Optimisation

This thesis is based on the optimisation of multiple objectives at the same
time. Objective functions with several input values and one output value are
considered. Unless otherwise stated, the function value has to be minimised
(and not maximised). In an Single-objective Optimisation Problem (SOP)
there is only one objective to optimise. A lot of work has been published in
the field of single-objective optimisation [13]. Mathematically a multi-objective
problem is defined as:

min
~x

~f(~x) = (f1(~x), f2(~x), ..., fm(~x)) (2.1)

where ~x ∈ X is the input (or decision) vector ~x = (x1, x2, ..., xn) defined in the
decision space X ⊆ Rn [13].

Large-scale multi-objective optimisation covers problems which have a large
number of decision variables n. Here, problems are considered as large-scale
if they contain 100 or more decision variables. When there are a lot functions
to optimise simultaneously (objective functions m) the problem type is called
many-objective optimisation. According to this definition, the problem is con-
sidered as multi-objective if the number of objective functions is 2 or 3, as
many-objective if m > 3 or higher.

5



2. Theoretical Background

2.2. Pareto-Optimality

In multi- and many-objective problems the conflicting functions have to be
optimised simultaneously and an optimal solution (where all function values
are minimised at the same time) cannot be found most in most cases. Because
of this the goal is not to find one best solution but a set of good solutions.
To compare solutions against each other the principle of Pareto-Optimality is
used [24].

The solution of a Multi-objective Optimisation Problem (MOP) can be seen as
a vector containing all function values u = (f1(~x), f2(~x), ..., fn(~x)). The goal
is to minimise these values. To compare the vectors their Pareto-dominace
criterion is used: A vector u dominates another vector v if it is partially less
than v, meaning that ∀i ∈ {1, ...,m}, ui ≤ vi ∧ ∃i ∈ {1, ...,m} : ui < vi [24].
In other words, one vector dominates another if one value of its values smaller
and all other are smaller than or equal. A solution u is said to be Pareto-
optimal and the corresponding vector non-dominated if and only if there exist
no other vector which dominates u. The set of all Pareto-optimal solutions is
called Pareto-Set.

Considering the example MOP with one decision variable x with only four
instances x = (xa, xb, xc, xd) and three objective-functions:


f(xa) = (2, 3, 4)

f(xb) = (2, 3, 3)

f(xc) = (1, 3, 3)

f(xd) = (1, 2, 3)

(2.2)

The resulting vector of xb and dominates the vector of xa The vectors of xc
and xd both dominate the vectors of xa and xb. f(xc) and f(xd) are also non-
dominated and the corresponding solutions belong to the Pareto-Set. When
this set is displayed in the solution space (by plotting the objective-function
values against each other) the resulting visualisation is called Pareto-front.

As said before, the goal is to find not only one solution but a set of solutions.
This set should have a great diversity. In the example are two solutions in
the Pareto-set but further evidence like which one of them is better cannot
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2.3. Evolutionary Algorithms

be derived. The idea is to provide a set of solutions which are on one hand
as close as possible to the Pareto-front and on the other hand have a great
diversity. From this solutions another decision maker (for example a human)
should choose the final solution, but this is no mathematical decision and
therefore not relevant in this context.

The single solutions are compared against each other by their Pareto-
dominance property. To compare several different sets of solutions, for example
to compare the result quality of two algorithms against each other, performance
indicators are used. They try to measure the distance of the found solutions to
the Pareto-front and the diversity of the sets. Several performance indicators
were developed to measure the quality of a solution set. In this work Inverted
Generational Distance (IGD) [36] and Hypervolume (HV) [26] are used, they
will be further described in the evaluation.

2.3. Evolutionary Algorithms

Evolutionary Algorithms (EAs) are used in this work to solve the multi-
objective optimisation problems as described above. The general idea of an
EA is inspired by the evolutionary process from biology [5]. When a prob-
lem is given, EAs generate a population of solutions (here: individuals) for
the problem which are evaluated using a fitness function. The value of this
function states how fit an individual is. In order to get better individuals
mutation and crossover operators are used to recombine the individuals. A
mutation is a random change of an individual, a crossover a combination of
two or more parent individuals to a new child. Mutation and crossover depend
on the formulation of the problem, they can be defined in lots of different ways
[21, 15, 5, 37]. Applied to the multi-objective case, the individuals are possible
decision vectors ~x and m different fitness (objective) functions are applied to
check the result quality.

Figure 2.1 shows the general structure of an EA. During the initialisation the
initial population of individuals is generated and fitness values are assigned
in the evaluation step. When the termination criterion is fulfilled the actual
population is returned as result of the algorithm. If not, a new evolutionary
generation cycle starts. The parents for recombination are selected, crossover
and mutation are performed and the new individuals are evaluated. After this,
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2. Theoretical Background

yes

no

Initialisation

Evaluation Termination Criterion

Return

Parent Selection

RecombinationMutation

Environmental Selection

Evaluation

Figure 2.1.: The general structure of an EA

an Environmental Selection defines which individuals form the next popula-
tion. After that the Termination Criterion is checked again.

The field of EAs is big, there exist a many different approaches and algorithms.
This work is mainly based on two state-of-the-art EAs which will be described
in Section 3.

8



2.4. Problem Decomposition

2.4. Problem Decomposition

Multi or many-objective large scale problems lead to huge search spaces. In
order to reduce them, approaches to decompose the problems into smaller ones
and solve each one independently were developed. Two kinds of a decomposi-
tion are described below. Position Distance Grouping (PDG) is just described
for completeness and a better understanding of the grouping, the main focus
of this work lies on the interaction grouping. The considered state-of-the-art
approaches in this work use the following scheme:

1. position-distance grouping

2. interaction grouping

3. optimisation

They first divide the overall set of decision variables in position and distance
related ones, these properties will be described more detailed in Subsection
2.4.1. Position variables do not directly affect the convergence of a solution
but the distribution, distance variables on the other hand are related to the
convergence of the solution towards the Pareto-front of the problem. The
algorithms handle these sets in a different way.

In the second step only the distance variables are considered and groups of
interacting variables are formed. This step and the interaction criteria will be
described in Subsection 2.4.2.

In the last step the optimisation process of the algorithms start. The obtained
groups of position and distance variables and the interacting variable groups
are used in a different way. In Subsection 2.4.3 the optimisation process based
on the obtained groups is described.

2.4.1. Position Distance Grouping (PDG)

In a lot of problems not all of the variables have the same properties and
relation to the functions which should be optimised. Altering specific variables
does not have an influence (or only a small influence) on the convergence of the
algorithm. These variables often only alter the positions of the solutions along
the Pareto-front and affect therefore not the convergence but the diversity of
the solutions. Because of this, they are called divergence or position variables.

9
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The other ones which can be used to converge to the Pareto-front are called
convergence or distance variables.

Considering the definition from [12], changing distance variables on its own
must lead to dominating or non-dominating solutions, changing position vari-
ables on the other hand must not. When non of these conditions is fulfilled,
the variable is distinguished as mixed.

Figure 2.2 provides a visualisation of a distance and position variable. The
MOP considers the two objective functions f1(~x) and f2(~x) and the decision
variables x1 and x2. The two objective functions are plotted against each
other with varying values of x1 (blue dots) and x2 (red dots). The change of
x1 just affects the diversity or position of the solutions and not the convergence.
Changing x2 on the other hand leads to dominating solutions and affects the
convergence or distance to the Pareto-optimum.

f1

f2

x2 is distance-related

x1 is position-related

min f1(~x) = x1 + x22
f2(~x) = 1− x1 + x22
xi ∈ [0, 1]

Figure 2.2.: Example for distance-related and position-related variables

To address the problem of identifying the type of the variables, the number of
position variables can be specified for instance in the WFG test suite which
is described later. With these test suite the performance of identifying the
position and distance variables can be measured. But the main focus of this
work lies on the interaction grouping, the position-distance grouping is only
described because it is a necessary step before the interaction grouping can be
executed. In this thesis a grouping describes the interaction grouping which is
described in the following subsection (and not the position-distance grouping)
when not stated different.
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2.4.2. Interaction Grouping

Another approach of grouping variables does not depend on the convergence
of the single variables but on the connection between them. The main idea
is to form groups of interacting variables. These groups should be optimised
independently.

There are different definitions of interacting variables [31, 25, 12, 34]. The
definition from [12] and [34] is used in this thesis. Two variables are considered
as non-interacting if the ordering of the values from the objective function
fk(~x)|xi=a1 and fk(~x)|xi=a2 does not depend on the value for the variable xj,
using the notation fk(x)|xi=a = fk(x1, ..., xi−1, a, ..., xn). On the other hand,
when there exist a value xj = b2 for which fk(~x)|xi=a1 is smaller than fk(~x)|xi=a2

and another xj = b1 which changes the proportion, so that fk(~x)|xi=a1 is bigger
than f(~x)|xi=a2 , the two variables interact with each other.

Given a MOP defined in Equation 2.1, two decision variables xi and xj interact
with each other in objective k, if there exist values a1, a2, b1, b2 so that both
conditions of Equation 2.3 are fulfilled, using the notation fk(x)|xi=a,xj=b =

fk(x1, ..., xi−1, a, ..., xj−1, b, ..., xn). A visualisation of the conditions is given in
Figure 2.3.

fk(x)|xi=a1,xj=b2 < fk(x)|xi=a2,xj=b2 (2.3a)

fk(x)|xi=a1,xj=b1 > fk(x)|xi=a2,xj=b1 (2.3b)

When a change of xj from b2 (Equation 2.3a) to b1 (Equation 2.3b) with fixed
values for xi changes the proportion of the objective values, xi and xj interact
with each other. When such values do not exist, the two variables have no
interaction.

The optimisation of two interacting variables depend on each other. This
means we could not find the global optimum for xi by only varying xi, we have
to consider also xj. The other way round, when it is not possible to find four
such values, we can optimize xi on its own, the optimal value does not depend
on xj.
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xj

xi

b1

b2

a1 a2

<

>

Figure 2.3.: Graphical representation of the interaction conditions from Equa-
tion 2.3

The definition of interacting variables leads to the definition of separable and
non-separable functions, see Equation 2.4 [12]. Separable functions have no
interactions between all of their variables. All decision variables can be op-
timised independently to find the global optimum. When there is at least
one interaction between any of the decision variables, the function is called
non-separable. A non-separable function is called fully non-separable if every
variable interacts with all other decision variables.

arg min
~x

f(~x) =[arg min
x1

f(x1, ..., xi, ..., xn), ...,

arg min
xi

f(x1, ..., xi, ..., xn), ...,

arg min
xn

f(x1, ..., xi, ..., xn))]

(2.4)

Consider the following two example functions:

f1(x1, x2) = x1 + x2 (2.5)

f2(x1, x2) = (x1 − x2)2 (2.6)
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with x1, x2 ∈ [0, 1]. The global optimum for the first function is
arg minx1,x2

f1(x1, x2) = [0, 0]. Fixing the value for x2 to any other does not
affect the optimal value for x1 which is still 0, therefore arg minx1

f(x1, x2) =

0. The same holds when changing x1, the optimal value for x2 remains
0. So the first function can be separated into arg minx1,x2

f(x1, x2) =

[arg minx1
f(x1, x2), arg minx2

f(x1, x2)] = [0, 0] and is therefore separa-
ble. f2 on the other hand is not separable. The global optimum is
arg minx1,x2

f2(x1, x2) = [a, a] with a ∈ [0, 1]. One can clearly see that the
variables cannot be optimised independently. When we fix x2 = a the optimal
value for x1 depends on the value of x2. In this example the optimal value
would be x1 = x2 = a. f2 is therefore non-separable and because all two
variables interact with each other also fully non-separable.

2.4.3. Group Optimising: Cooperative Coevolution

A lot of existing EAs in the single- and multi-objective case are based on
a decomposition of the problem. The general idea is to split the problem
in smaller sub-problems which can be optimised easier. In [5] one can see
that a lot of algorithms use decomposition strategies, but less emphasis placed
on the grouping or decomposition strategy than on the optimisation of the
groups itself. Often some kind of random grouping strategies are used [13,
28]. Well known approaches are for instance a random grouping strategy with
adaptive weighting (EACC-G) [28]. The following work uses a set of problem
decomposers which are based on random grouping strategies with different
group sizes [29].

However, groups of variables are often used to solve large-scale problems, a
popular concept in this area is Cooperative Coevolution (CC) [20]. Separate
populations of variables for each group are stored and optimised, or simply
fixing the variables of all but one group and only changing interacting variables
at the same time. The optimisation approach used in the algorithms in this
work differs in one point from the CC scheme. In CC a solution is evaluated by
combining the values of the actual subgroup with the best ones for the variables
in all other subgroups. Here the groups are optimised one after another and
the values for all other groups are fixed to their actual value. So an altered
version of CC is used in this thesis because the optimisation processes from
state-of-the-art algorithms are used.
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The CC approach was first used in a lot of algorithms for single-objective op-
timisation [5, 13]. The first algorithm which applies CC to the multi-objective
case was Cooperative Coevolutionary GDE3 (CCGDE3) [1]. It was an CC
version of the former third version of the Generalised Differential Evolution
Algorithm (GDE3) [10]. GDE3 was an the third iteration of an approach
which used Differential Evolution to solve single and multi-objective problems
and was also applicable for additional constraints. In order to handle multi-
objective large-scale problems the CC approach was used to reduce the search
space. The original work considered problems with 200 up to 5, 000 decision
variables. The results were promising and the well known Non-Dominated
sorting Genetic Algorithm II (NSGA-II) [7] and the previous version GDE3
were outperformed by [1]. A lot of the actual state-of-the-art algorithms like
the ones considered in this work use a CC approach to decompose the problem
[13, 12, 34].
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In this chapter the algorithms and strategies which are used as a basis of
following work are explained. The state-of-the-art algorithms for large-scale
optimisation MOEA/DVA and LMEA are described in general. Several single-
and multi-objective grouping methods are described to give an overview about
the previous work in this field.

3.1. State-of-the-Art Algorithms

State-of-the-art algorithms in multi- or many-objective optimisation are for in-
stance the Multi-Objective Evolutionary Algorithm based on Decision Variable
Analysis (MOEA/DVA) [12], Large-Scale Many-Objective Evolutionary Algo-
rithm (LMEA) [34] and Weighted Optimisation Framework (WOF) [40, 38].
All of them somehow decompose the given problem in smaller ones and solve
them independently. The first two are used in the concept and evaluation of
this work, and are described in the following.

MOEA/DVA and LMEA both consist of the three parts described in Section
2.4. The first part is the Position Distance Grouping. In this step all decision
variables are divided in two groups, the position and distance variables. The
second step is the division of the distance variables in groups of interacting
variables. This step is called interdependence or interaction analysis in the
two algorithms. After this step the different groups of variables are optimised.
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3.1.1. MOEA/DVA

MOEA/DVA is a state-of-the-art EA in the field of large-scale multi-objective
optimisation [12]. The algorithm consists of the three parts described in Sec-
tion 2.4: PDG, (interaction) grouping and optimisation. The main focus of
the work was the new proposed method for the PDG called Control Variable
Analysis (CVA). Algorithm 1 shows the general structure of MOEA/DVA.

Algorithm 1: MOEA/DVA from [12]
Input: NCA,NIA
Result: Pop

1 [PV,DV ]← ControlV ariableAnalysis(NCA);
2 Pop← fixPositionV ariables(Pop, PV );
3 [Pop,DV Set]← InterdependenceAnalysis(Pop,DV,NIA);
4 Neighbours← computeNeighbors(Pop, PV );
5 gen← 0;
6 oldPop← Pop;
7 while FEsavailable ∧ utility > thresold do
8 for i = 1 : length(DV Set) do
9 Pop← SubcomponentOptimiser(DV Set{i}, Neighbours);

10 end
11 if gen%2 == 0 then
12 utility ← calculateUtility(Pop) oldPop← Pop

13 end
14 end
15 Pop← uniformityOptimisation(Pop)

CVA is executed in line 1, every variable is checked if it is most likely a dis-
tance or position variable. The description of position variables is given in
Subsection 2.4.1. To figure this out a random individual is generated and only
the considered variable is altered several times. The objective values of these
points are evaluated. A variable is classified as distance (convergence) related
if every generated solution dominates, or is dominated by any other solution.
In other words: when we pick any two generated solutions one has to dominate
the other. A variable is marked as position (divergence) related if no solution
dominates any other generated solution. When none of these conditions is true,
the variable is marked as mixed. A predefined parameter NCA describes how
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much solutions are generated per variable for the described test. Mixed vari-
ables are added to the set of distance variables for the rest of the optimisation.
PV contains the position variables and DV the distance variables.

Position variables are fixed at the beginning of the algorithm and are not
changed anymore, see line 2 of Algorithm 1. During the fix the first population
Pop which contains the initial individuals is generated. After the CVA and the
initialisation, the interaction grouping is executed with the population, the set
of distance variables DV and the parameter NIA. It is called Interdependence
Analysis (IA), uses Definition 2.3 for interacting variables and is described
detailed in Subsection 3.4.1. The solutions of Pop are updated during the
interaction check, because of this not only the variable groups DV Set but also
a new population is generated.

In line 4 the neighbours of variable groups are computed, they are latter used to
select individuals for the recombination. The gen counts the actual generation,
oldPop stores the population of the last generation.

During a generation every variable group in DV Set is optimised independently
in line 7 to 9. The used subcomponent optimiser is described in the following.
After each optimisation step the values of the neighbours are updated. The
optimiser uses these values for selecting the mating pool. An optimisation
step for a given group of variables is executed for every individual in Pop. In
every step two individuals of neighboring groups (or with a lower probability
from a random group) are selected for Crossover using Differential Evolution
described in [22].

Every second generation the utility is computed. This method measures the
improvement which was made during the last optimisation step. It mea-
sures the convergence of the solutions of the actual population Pop in con-
trast to the one from the last generation oldPop. When the utility falls
below a predefined threshold, MOEA/DVA quits the group based optimisa-
tion with the described subcomponent optimiser and uses a fallback EA, the
uniformityOptimisation. In the original paper MOEA/D [32] was used, but
other algorithms are also possible.
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3.1.2. LMEA

LMEA is also a state-of-the-art EA in the field of large-scale multi- and many-
objective optimisation. It follows the same structure as MOEA/DVA: PDG,
interaction grouping and optimisation. Some parts of the algorithm are im-
provements of the preceding MOEA/DVA. The work was focused on two
main aspects, first an improvement of the PDG with a new method called
Variable Clustering (VC). The second was an improvement of the general
and widely used Non-dominated sorting algorithm, namely: tree-based non-
dominated sorting approach (T-ENS) [34]. After the VC, the interaction
grouping Correlation Analysis (CA) is executed on the distance variables. CA
is described detailed in Subsection 3.4.2.

Figure 3.1.: The VC method from LMEA to detect the position and distance
variables [34]

VC does not use the Definition of position and distance variables directly like
CVA from MOEA/DVA. The structure of the methods is shown in Figure 3.1.
The idea is to not directly use the definition because variables of some test
suites and real world problems may not follow the exact rules. Considering a
sample of 20 solutions and only one is dominating all other solutions but none
of the others dominates any other solution. This variable would be considered
as mixed, because neither the condition for position related, nor for distance
related is fulfilled. But for the optimisation it would be probably better to
consider it as position variable because only one solution of 20 improves the
convergence.

Figure 3.1 shows the structure of VC. For a predefined number of nSel solu-
tions are randomly sampled. In the example two solutions are generated for
every of the four considered decision variables x1 to x4. Every solution is per-
turbed nPer times for the respective decision variable. In the example every
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solution is perturbed eight times. Lines are fitted for the perturbed solutions,
see Figure 3.1 b). The angles between this lines and the normal vector of the
origin are used as input values for a k-means algorithm.

Algorithm 2: LMEA from [34]
Input: nSel, nCor, nPer
Result: Population

1 Pop← initializePop();
2 [PV,DV ]← V ariableClustering(nSel, nPer);
3 DV Set← CorrelationAnalysis(Pop,DV, nCor);
4 while FEs available do
5 for i = 1 : 10 do
6 Pop← ConvergenceOptimisation(Pop,DV Set);
7 end
8 for i = 1 : M do
9 Pop← DistributionOptimisation(Pop, PV );

10 end
11 end

Algorithm 2 shows the general structure of LMEA. The population Pop is ini-
tialised randomly in the first line. VC is executed with the parameters nSel and
nPer. CA creates the variable groups DV Set and takes the actual population
the distance variablesDV and the parameter nCor which describes the number
of interaction checks. In every generation the distance variables are optimised
with the ConvergenceOptimisation in line 6. In contrast to MOEA/DVA the
position variables are also optimised with a special DistributionOptimisation.
When no Function Evaluations (FEs) are available, the algorithm terminates.

The ConvergenceOptimisation takes the actual population Pop and the vari-
able groups DV Set and returns a new population, it is based on the proposed
T-ENS. T-ENS is used to calculate the non-dominated front number of the
solutions. The distance of the solutions to the axis origin is also computed.
A single optimisation step looks as follows. This two criteria are used to se-
lect the parents for recombination . A binary tournament approach which is
based on the previous two criteria selects two parents and two new offspring
solutions are generated by only varying the variables from the actual group.
The offspring solutions replace the parents in the population if and only if
they have a smaller non-dominated front number. This optimisation step is
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executed for every group multiple times, the number of executions is identical
to the number of variables in that specific group.

The improvement of the interaction grouping CA was not a key point of the
original work, but it differs in some points from the IA of MOEA/DVA and is
described detailed in Subsection 3.4.2.

3.1.3. Weighted Optimisation Framework

The WOF was first described in [40] and [38]. It is a state-of-the-art EA for
solving large-scale multi-objective problems. It is also based on reducing the
dimensionality of the problem by grouping variables together, but in a different
way than the previous algorithms MOEA/DVA and LMEA. The grouping of
WOF is not based on the interactions between the variables. The variables
are divided into groups using linear grouping which will be further described
in Subsection 3.3.1. Linear grouping just creates an arbitrary number γ of
equal-sized groups. The ordering is based on the index of the variables.

The search space is reduced by changing all variables of a group at the same
time and amount. Weight values are assigned to these groups and are changed
in an own optimisation step. So-called transformation functions are used to
alter the original values of the decision variables at once by applying the weight
values to these functions. With this technique the dimensionality of the prob-
lem can be reduced from hundreds or thousands to γ. Internally WOF uses
the Speed-constrained Multi-objective Particle Swarm Optimisation (SMPSO)
[16] for optimisation purposes, but other metaheuristics can also be applied.

3.2. Performance Comparison

The three previous described algorithms MOEA/DVA, LMEA and WOF are
all state-of-the-art EAs for solving large-scale multi- (and in the case of LMEA
also many) objective optimisation problems. Performance results of this three
can be found in their original papers [12, 34, 40, 38] and in a study which
compares the three directly with each other [39].

The comparisons were based on multi and many-objective benchmark prob-
lems. The considered ones are the UF test suite which contains Unconstrained
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multi-objective test problems which were used on the congress of evolution-
ary computation in 2009 special session and competition [33]. The ZDT test
suite contains several different multi-objective test problems [41]. The DTLZ
suite contains scalable test problems for evolutionary multi-objective optimi-
sation [8]. The test suites Walking Fish Group (WFG) [9] and a the new
test suite which contains Large-Scale Multi and Many-objective Test Prob-
lems (LSMOPs) [4] are also used in this work and will be described detailed
in 5.3.2.

MOEA/DVA was compared against NSGA-III [6], SMS-EMOA [2] and
MOEA/D [32] on UF and WFG test suites [12]. NSGA-III is an extended ver-
sion of the well-known NSGA-II which is designed to deal with many-objective
problems. SMS-EMOA is mentioned as hypervolume-based S metric selection-
based EA. MOEA/D is based on decomposition of the problem and was also
used in MOEA/DVA as fallback method[32]. Test problems with up to 30

for WFG, and for UF problems up to 200 decision variables were used. So
both normal and large-scale problems were considered. MOEA/DVA per-
forms significantly better than the other three on most test instances. The
other algorithms cannot catch up to the performance of MOEA/DVA.

LMEA was also compared against NSGA-III and MOEA/D and additionally
against KnEA [35] and MOEA/DVA [12]. KnEA is a knee point driven EA
which is explicitly designed for many-objectives [35]. For most of the experi-
ments was the DTLZ test suite and some instances of the WFG and UF suites
are used. The number of decision variables ranges from 100 to 1, 000 and the
objectives from 5 to 10. The tested problems were large-scale many-objective
problems. LMEA outperforms the four considered algorithms in most of the
cases. KnEA and MOEA/DVA have in general better results than MOEA/D
and NSGA-III.

The previous mentioned algorithm CCGDE3 cannot compete with the WOF
neither in solution quality nor in convergence speed. This was analysed in the
original WOF paper [38].

The comparison study from [39] is based on the LSMOP test suite which is
also used in the evaluation of this work. The three algorithms were tested on
the LSMOP test suite with up to 1, 006 decision variables and 2 and 3 objec-
tive functions. The tested problems are large-scale multi-objective problems.
MOEA/DVA and WOF outperform LMEA in most of the considered test in-
stances. Furthermore WOF performs significantly better than MOEA/DVA
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and LMEA in result quality and also in convergence speed. Often WOF just
uses 0.1% to 10% of the computational budget and produces better results
than the other two algorithms at the end of their optimisation.

3.3. Single-Objective Grouping -Methods

Several different grouping methods for single objective optimisation were sum-
marised in [13]. The ones which are used in this work are described in the
following.

3.3.1. Random and Linear Grouping

Random grouping is one of the simplest grouping methods and has been used
often in the literature [28], [13]. Linear grouping was used in [40, 38] and has
a similar approach. In both methods the number of groups must be specified
before. Linear grouping just divides the overall group in n equal sized groups
using the index of the variable as ordering. Random grouping creates also n
equal sized groups but with randomly chosen variables. Most of the time the
grouping is repeated at the end of a generation to assure that the interact-
ing variables are together in one group with a certain probability [28]. Since
groups can be obtained without any computational costs (in terms of function
evaluations), these are fast and inexpensive methods. On the downside how-
ever, the effect can be quite limited when the problem at hand contains a lot
of interacted variables.

3.3.2. Delta Grouping

Delta Grouping was introduced by Omidvar et al in [18]. The idea is also
built on static group sizes and updating of the groups every generation, It is
therefore a dynamic grouping method like random grouping. The group size
must also be specified beforehand.

The general assumption is that the amount of change in decision variables
helps to determine interacting ones. The idea is that variables with an similar
amount of change during an generation are more likely to interact with each
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other. To measure the amount of change a delta value δ̄ is introduced. It
measures the change of a decision variable between two generations. The
change vector for all variables is given as ∆ = {δ̄1, δ̄2, ..., δ̄n}. The delta values
are computed with:

δ̄i =

∑p
j=1 δi,j

p
(3.1)

with population size p and i ∈ {1, 2, ..., n}. ¯δi,j is the delta value (absolute
change) of the j-th individual of the population for the i-th decision vari-
able. The decision variables are ordered according to their value in the change
vector. The direction (ascending or descending) is not relevant. Groups are
created according to the given group size and the obtained ordering. They are
ordered and divided into equal sized groups using the given group size. The
delta grouping approach does not use any function evaluations to obtain the
grouping, besides the ones which are executed during the optimisation anyway.

3.3.3. Differential Grouping

The idea of Differential Grouping (DG) is to use Equation 2.3 directly for the
detection of interacting variables [17]. For a combination of two variables xi
and xj, DG checks Equation 2.3 to check the interaction criteria. In other
words the question to answer is: When we change the value of a variable
xi, does the amount of change in the objective function f(x) stays the same
regardless of the value of xj?. This is checked by comparing absolute fitness
differences in response to changes in xi and xj.

Algorithm 3 shows the general structure of the DG approach. It uses the
actual population of individuals and a threshold parameter e which states how
much variation in the fitness value is necessary to count the interaction. dims
are the considered decision variables, seps are used to temporarily store the
separate variables (which does not have any interactions) andDV Set (Distance
Variable Set) hold the found groups.
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Algorithm 3: The structure of Differential Grouping from [17]
Input: Pop, e
Result: DV Set

1 dims← {1, ..., n};
2 seps← {};
3 DV Set← {};
4 for i ∈ dims do
5 group← {i};
6 for j ∈ dims ∧ i 6= j do
7 if interactionCheck(i, j, Pop, e) then
8 group← group ∪ j;
9 end

10 end
11 dims← dims \ group;
12 if |group| = 1 then
13 seps← seps ∪ group;
14 else
15 DV Set = DV Set ∪ {group};
16 end
17 end
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The interaction of the variables xi and xj is tested with the interactionCheck.
This check generates the four values of Equation 2.3, visualised as dots in the
previous Figure 2.3, considering the lower and upper bounds of the specified
variables for the values a1, a2, b1, b2. The Equation is not checked directly, first
the amount of change is computed:

∆1 = fk(x)|xi=a1,xj=b2 − fk(x)|xi=a2,xj=b2 (3.2)

∆2 = fk(x)|xi=a1,xj=b1 − fk(x)|xi=a2,xj=b1 (3.3)

If this change is bigger that the predefined threshold |∆1 − ∆2| > e, the
interaction check is fulfilled. The grouping approach is deterministic because
the values of a1, a2, b1, b2 are the upper or lower bounds of the variables.

DG needs a huge computational budget for finding the interactions and build
the groups, which rises quadratically with the number of decision variables.
This is a problem when dealing with large-scale problems and too much FEs
are used for the grouping process instead of the optimisation.

3.3.4. Differential Grouping 2

Differential Grouping 2 (DG2) [19] is an improvement of DG and reduces the
number of used FEs. The main idea is to reuse previously evaluated FEs. In
contrast to normal DG, DG2 only uses approximately half of the budget and
determines not only the final groups but also the interactions between any two
variables.

DG and DG2 only output the final groups, but DG2 computes a n× n inter-
action matrix which contains information about the interaction of any two of
the n variables first. From this matrix the final groups are derived.

Algorithm 4 shows the pseudocode of DG2. The idea is to save and reuse
previously evaluated solutions. The algorithm discovers the whole interaction
matrix and do not miss any connections like normal DG. Figure 3.2 and the
corresponding formulas visualise the detection of the interactions and help to
understand the pseudocode. The example of the figure contains the objective
function f with the three decision variables x1, x2 and x3. These decision
variables can take the corresponding values a, b and c, or the respective altered

25



3. State of Research

Figure 3.2.: Visualisation of the interaction detection of DG2 directly taken
from [19]

values values a′, b′ and c′. The goal is to detect the interactions between the
three variables. To check the interaction of x1 and x2 the four red solutions have
to be evaluated to compute ∆1 and ∆2, this is similar to DG, see Equation
3.2. To check the next interaction between x1 and x3 the two evaluations
f(a′, b, c) and f(a, b, c) can be reused. Considering the displayed cube the first
interaction check computes all 4 red solutions, the red surface. The second
one tries to compute the four solutions which spans the green surface. The
two solutions which occur in both surfaces do not have to be evaluated again
and can be reused. For the last interaction check only one solution has to be
evaluated.

The structure of DG2 in Algorithm 4 is described in the following. It takes
the actual population Pop and a parameter e similar as DG. The result of
the algorithm is the interaction matrix λ. Line 1 to 7 initialises necessary
containers to store several things. n is the number of decision variables, the
start point fbase is initialised with the lower bounds of all variables (f(a, b, c)

in the preceding example). The vector fn×1 is used to save all objective values
of solutions which differ only in one dimension from fbase. These would be the
solutions f(a′, b, c), f(a, b′, c) and f(a, b, c′). fi is the objective value of the
lower bound of all variables but xi being the midpoint of the possible values.
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Algorithm 4: Differential Grouping 2 from cite
Input: Population, e
Result: λ

1 n← Pop.N ;
2 λ← zeros(n, n);
3 Fn×n ← NaNs(n, n);
4 fn×1 ← NaNs(n, 1);
5 x1 ← lowBounds();
6 fbase ← x1;
7 m = 1/2(lowBounds() + upBounds());
8 for i = 1 : (n− 1) do
9 if isNaN(fi) then

10 x2 ← x1; x2i ← m(i); fi ← obj(x2);
11 end
12 for j = i+ 1 : n do
13 if isNaN(fj) then
14 x3 ← x1; x3j ← m(j); fj ← obj(x3);
15 end
16 x4 ← x1; x4i ← m(i); x4j ← m(j);
17 Fij ← obj(x4);
18 ∆1 ← fi − fbase;
19 ∆2 ← Fij − fj;
20 λij ← |∆1 −∆2| > e;
21 end
22 end
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The matrix Fn×n stores all objective values of solutions which differ in two
dimensions from fbase. This would be the remaining three solutions from the
example. The values of fn×1 and Fn×n are evaluated one time and reused. The
final groups are created by adding a variable to a group if it has an interaction
with at least one variable of this group.

There are two major differences which lead to fewer FEs than normal DG. The
first is that the base point fbase is the same in every interaction check, and it is
not randomly generated but arbitrary set to the lower bounds of all variables.
The second is the reuse of previously created solutions by varying them to a
fixed value, the upper bound of every variable. DG2 uses n(n+1)/2+1 FEs to
compute the whole interaction matrix. Even for high numbers of dimensions
the number of used FEs seems passable.

3.4. Multi-Objective Grouping Methods

Two state-of-the-art approaches for grouping in the multi-objective case are de-
scribed in the following. The two GMs are taken from the previously described
MOEA/DVA and LMEA.

3.4.1. MOEA/DVA Grouping: Interdependence Analysis

The grouping of MOEA/DVA is based on the definition mentioned in Section
2.3. It is called Interdependence Analysis (IA) [12] and takes the actual popu-
lation Pop and parameter NIA, see Algorithm 5. NIA indicates the number
of interaction checks of two variables. In contrast to the single-objective meth-
ods DG and DG2, IA is probabilistic and not deterministic, because of this
multiple interaction checks are executed with random values.

Algorithm 6 shows the general structure of IA. DV = |n| contains all distance
variables, this interaction grouping is only executed on these variables. Every
variable i is checked against each other variable j in the two for loops in line
4 and 5. The interaction check is executed NIA times. For two variables i
and j, Equation 2.3 must be fulfilled. An individual is randomly selected from
the population and set as first reference point. The other three solutions are
created with random values for a2 and b1, see Equation 2.3 and Figure 2.3.
With these four solutions the interaction is checked. An interaction is counted
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Algorithm 5: Structure of the interaction grouping Interdependence
Analysis from MOEA/DVA [12]

Input: Pop,DV,NIA
Result: [Pop,DV Set]

1 n← |DV |;
2 DV Set← {};
3 interactions← {};
4 for i = 1 : n− 1 do
5 for j = i+ 1 : n do
6 checks← 0;
7 while checks < NIA do
8 if DV (i) interacts with DV (j) on any objective then
9 interactions← interactions ∪ (i, j);

10 break;
11 end
12 checks+ +;
13 end
14 end
15 end
16 Pop← updatePopulation();
17 DV Set← maximalConnectedSubraphs(interactions);
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if it exists in any objective function. The groups are created analogue to DG
and DG2, a variable is added to a group if it has a connection to at least one
variable of that group. The population is updated with the generated solutions
during the interaction checks.

3.4.2. LMEA Grouping: Correlation Analysis

Algorithm 6: The interaction grouping of LMEA Correlation Analysis
from [34]

Input: DV, nCor
Result: DV Set

1 sepGroups← {};
2 DV Set← {};
3 for v ∈ DV do
4 actGroup← {v};
5 for group ∈ DV do
6 for u ∈ group do
7 for i = 1 : nCor do
8 if v interacts with u then
9 flag ← true;

10 actGroup← actGroup ∪ group;
11 end
12 end
13 end
14 if flag then
15 break;
16 end
17 end
18 if |actGroup| = 1 then
19 DV Set← DV Set ∪ actGroup;
20 else
21 DV Set = DV Set/{group};
22 DV Set = DV Set ∪ {actGroup};
23 end
24 end
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The interaction grouping of LMEA is also based on the definition mentioned
in 2.3 and quite similar to the one from MOEA/DVA. It is also a probabilistic
approach called Correlation Analysis (CA) and takes the parameter nCor as
the number of interaction checks. Algorithm 6 shows the structure of CA.
The interaction check itself (see line 7 to 12) is basically the same as in IA.
It is also based on random values for Equation 2.3. Variables are regarded to
interact if there exist an interaction in any of the objectives. Three function
evaluations are used for one interaction check.

The difference lies in the scheme of the interaction checks. The idea is to
iterate over all distance variables and add them to a group if they interact
with at least one variable of this group. We iterate over all variables v ∈ DV
and check the interaction not against any other variable but against any other
created group, see line 5. The interaction of the actual variable v is checked
against every single variable u of the other group, see line 6. The interactions
of variables v and u is checked nCor times. If an interaction was detected, a
new group consisting of v and the variables of group are created and added
to the final groups DV Set, line 10 and 20/21. When no interactions were
detected the variable v is added to DV Set as single-group. The algorithm
returns the groups as DV Set.

The problem with the multi-objective methods IA and CA is that they can
miss some of the interactions because they are probabilistic. The problems are
addressed more detailed in Subsection 4.1.

3.5. Classification of Grouping Methods

The previously described interaction grouping methods have different proper-
ties and can be classified as shown in Figure 3.3. Interaction grouping methods
can be divided into three different categories: Trivial, Dynamic and Intelligent.
Trivial groupings do not use any information from the problem to create the
groups and fix these during the whole optimisation. Linear grouping which
was used by WOF belongs to this category.

The second category is the dynamic grouping methods without an intelligent
analysis of the variables. Random and Delta grouping fall into this category.
They both change the grouping at the beginning of a every new generation.
They are not considered as intelligent despite the fact that delta grouping
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uses more information than the trivial methods, but it does not analyse the
interactions between the variables which is considered as intelligent in this
context.

The third category contains the intelligent methods which analyse the inter-
actions between the variables and use this information to create the groups.
Both methods from MOEA/DVA and LMEA and the two versions of differen-
tial grouping DG and DG2 belong to this category.

Interaction Grouping

Dynamic TrivialIntelligent

Interdependence

Analysis (MOEA/DVA)

Correlation Analysis

(LMEA)

Linear GroupingRandom Grouping

Delta Grouping

Differential Grouping

2

Differential Grouping

Figure 3.3.: Classification of interaction Grouping approaches
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The first goal of the work is to develop strategies which transfer single-objective
grouping methods to the multi-objective case, see Section 1.1. In the pre-
vious chapter several single and multi-objective grouping methods were de-
scribed. Single objective optimisation was a research topic before the multi-
objective case was considered, and therefore GMs are studied and developed
for a longer time. There has not been very much work in grouping methods in
the multi-objective case, algorithms simply use own methods like MOEA/DVA
and LMEA. These two do not consider well known single-objective grouping
methods like DG or DG2. Some information (like the formula of interacting
variables) was used by the two algorithms, but only inefficient, probabilistic
and expensive methods were used. Also only one objective is sufficient and the
variables are put together in one group. In this thesis we have more objectives
and just considering this one option might not be the best result.

This work tries to formalise groupings better and make them comparable to
study different aspects of the grouping process in the multi-objective case. To
do so, strategies are developed to transfer intelligent single-objective methods
to the multi-objective case. These methods are called Transfer Strategy (TS).
Dynamic methods like random and delta grouping are also applied to multiple
objectives, but they do not consider variable interactions and therefore do not
need the TS. In addition some trivial methods are developed.

First, the problems of the actual existing approaches are pointed out in Section
4.1. After that the core of this work, the TS are described in Section 4.2. The
next Section 4.3 deals with other transferred dynamic and trivial approaches.
The existing GMs and the new proposed ones are classified in Section 3.5 to
get a better overview about what methods were proposed. In the last Section
4.5 reference algorithms are described which are used to evaluate the different
GMs.
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4.1. Problems of existing Methods

The problem with overlapping components or shared variables was described
in some previous works which deal with grouping of variables [11, 19]. It
describes a problem which occurs during the grouping of the variables. The
aim of an interaction grouping is to form groups of variables that interact with
each other, but how exactly the interactions in a single group has to look like,
is not defined.

Consider an example interaction structure in Figure 4.1(a), variables are repre-
sented as vertices and the interaction between them by edges. The interactions
are given but the question is what are the optimal groups. One option is to
put all variables in one group which have a connection to a variable in that
group. That would lead to one group containing all variables {x1, x2, x3, x4}.
But x3 and x4 do not interact with each other. When we consider only groups
where all variables have to interact with each other the two possible groups
are {x1, x2, x3}{x4} or {x1, x2, x4}{x3}. The variables which could occur in
both groups are defined as shared variables. In the example this would be the
orange marked x1 and x2.

Another problem is the schema of checking variable interactions in DG. A
variable is only checked against the other variable which were not included in
an group already. LMEA on the other hand checks a variable only against al-
ready existent variable groups. Both of the approaches can miss some variable
interactions and lead to different groupings.

x1 x2

x3 x4

(a)

x1 x2

x3 x4

(b)

x1 x2

x3 x4

(c)

Figure 4.1.: Three example interaction graphs, vertices represent variables and
edges interactions between them. Shared variables are marked
orange.

In Figure 4.1(b) normal DG would not recognize the connection between x2
and x3, when checking the dimensions in lexicographical order. The dimension
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x1 would be checked against x2, x3 and x4 respectively. x1 and x2 interact and
will be put together in a group and all variables which are grouped together
will be erased from the variable set which have to be checked, see 3 line 11.
This means that in the next iteration we will not start with dimension x2,
because it is contained in a group already and erased from dims, we will start
with x3. x3 will be just checked against x4 and put together in a group. So the
final two groups are {x1, x2} and {x3, x4}. This leads to interaction between
the subcomponents, because x2 and x3 interact with each other. The right
solution would be just one group containing all variables. Where right in this
context means that one connection between a variable is sufficient that they
are put in the same group.

The checking scheme CA of LMEA is also analysed. In this one the actual
variable is not checked against all others which have no group, it is checked
only against the variables which are already contained in groups. This means
that for the second interaction graph, Figure 4.1(c), in the first iteration x1
would not be checked (because there are no groups yet) and will be put in a
single group. x2 is checked against x1 and is added to the group. x3 and x4
will also be added. All connections are recognised and a group with all four
variable is created. For the graph depicted in 4.1(c) the connection between
x2 and x3 is missed. In the first steps x1 and x2 will be put in single groups
because they are checked first and have no interaction, so we have the groups
{x1} and {x2}. x3 is then checked against the first group containing x1 and
is added because they have interaction. The last variable x4 will be added to
{x2} which leads to the final groups {x1, x3} and {x2, x4}. The interaction
x2 − x3 is omitted.

The approaches have some problems and drawbacks. The proposed methods
try to tackle this aspects.

4.2. Transfer Strategies (TS)

In this section the TS are introduced which are used to transfer single-objective
grouping methods to the multi-objective case. Intelligent single-objective GMs
like DG or DG2 use fitness values of the objective function to decide which vari-
ables are grouped together. The problem is that we have several objectives and
variables might interact in one objective but not in the other. Single-objective
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methods can only make assumptions of the interaction of two variables in one
single objective. The approaches have to be altered and could not be applied
directly like the random or delta grouping approaches. One way of dealing
with this problem would be to base the decision only on the first objective as
done in [38]. With this approach valuable information about the interaction
among other objectives is neglected. The previous described grouping meth-
ods from MOEA/DVA and LMEA consider two variables as interacting if they
have interactions in any of the objective functions. Variables could be put in
a group because they interact in only one objective but not in all others.

Another problem besides the multiple objectives is the general composition
of variable groups. Recent multi-objective approaches from MOEA/DVA or
LMEA put a variable in a group if it interacts with any of the variable in this
group. This might lead to groups with very sparse interactions. Other possible
strategies to fulfil this task should be considered. The computational costs to
find the groups are very high with the multi-objective methods, because they
are probabilistic approaches and therefore have to check an interaction multiple
times. Single-objective methods like DG or DG2 on the other hand need a lot
less FEs and are deterministic.

Another drawback of CA and IA is that they build the groups during the
interaction check of the variables. The final groups depend not only on the
interactions but on the order in which the interaction is checked. To tackle
this problems, the check of interactions and the creation of the groups are
separated from each other like in DG2.

The developed TS try to tackle these problems, they can be divided into two
consecutive steps. The first one describes how to deal with the multiple ob-
jectives, more precise when the variables are considered to interact with each
other. This part is called Transfer Strategy Objective (TSO). The second one
describes different approaches to form groups from the found interactions, it is
called Transfer Strategy Variable (TSV). Possible variants and combinations
of these two steps are described.
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4.2.1. Transfer Strategies for Objectives (TSO)

A mentioned above, single-objective grouping methods have only to deal with
one objective function, but in MOPs there more. In most of the actual algo-
rithms, a variable interacts if there is an interaction among any of the objective
functions, for example in MOEA/DVA or LMEA. Another idea is to assure
that the interaction occurs in every objective function to count as an interac-
tion between two variables for the whole problem.

Figure 4.2 shows an example MOP with three objective functions fm with
m ∈ {1, 2, 3} and four decision variables xi with i ∈ {1, 2, 3, 4}. Vertices
represent the four variables and and egde between two shows that they interact
in this objective function. For example in the third objective function the
variable x3 interacts with x1 and x4.

x1 x2

x3 x4

(a) f1

x1 x2

x3 x4

(b) f2

x1 x2

x3 x4

(c) f3

Figure 4.2.: Interaction graphs of three objective functions. The Edges show
interaction between two decision variables

x1 x2

x3 x4

(a) TSOsingle

x1 x2

x3 x4

(b) TSOall

Figure 4.3.: Combined Interaction Graphs of the three functions from Figure
4.2 for the two variants of TSO

The goal of the TSO is to combine this conflicting information so that in-
teractions are clear for the whole MOP and not only one objective function.
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Two different strategies are proposed to combine the information: TSOsingle

and TSOall. TSOsingle regards two variables xi and xj as interacting for the
whole MOP if the interaction occurs in any of the objective functions. This
means that a single interaction in one objective is sufficient for this approach.
The other method TSOall regards two variables as interacting if they have
interactions among all objective functions.

With these two methods the graphs of the problem can be combined to an
interaction graph for the whole MOP which contains the interactions according
to the respective strategy.

TSOsingle leads to the combined interaction graph shown in Figure 4.3(a). A
single egde (interaction) between two vertices (variables) xi and xj in any of
the objective functions is sufficient to be be added to the combined graph. The
interactions x1 − x3, x2 − x3 and x3 − x4 are added because of the the first
objective. x2 − x4 is added because of f2. The two connections of the third
objective are already included. This leads to the combined interaction graph
shown in 4.3(a).

TSOall means that an egde has to be present in all objective functions to count
for the combined graph. Only the interactions x1− x3 and x3− x4 are present
in all objective functions, the resulting graph is depicted in Figure 4.3(b).

4.2.2. Transfer Strategies for Variables (TSV)

The TSV is the second step of the TS. TSV describes how the groups are
formed based on the interaction of the variables. There are different ways to
combine the interacting variables. As input the combined interaction graph
from the preceding TSO is used, based on these connections the final variable
groups are created. Similar to the previous approaches the two versions of the
TSO are called TSVsingle and TSVall. TSVsingle is the recently used standard
method and was used for example in [3, 12, 13, 34]. A single connection
between a variable an a group is sufficient and the variable is added to that
group. More precise, a variable xi is added to a group of variables if an edge
exists between the xi and any variable in the group considering the combined
interaction graph. Each group of variables consists of a maximally connected
subgraph of the combined interaction graph. For the graph in Figure 4.3(a)
all variables would end up in one group because they are all connected by at
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least one edge. The graph created by TSOall, see Figure 4.3(b), would lead
to a group of the three connected variables {x1, x3, x4} and a group with the
single variable x2.

TSVall on the other hand considers only Maximal Complete Subgraphs (MCS).
An MCS is a fully connected subgraph to which no other vertex can be added
so that the new subgraph remains complete. Since every variable can only be
added to one group, the decomposition of the combined interaction graph into
MCS is not unique, there exist overlapping MCS. This problem was mentioned
as shared variable problem in [11, 19]. Shared variables are members of different
MCS at the same time, they are shared by multiple MCS. Since one variable
can only occur in one group, the decision which of the MCS is regarded as
a final group is not well defined. In Figure 4.3(a) x3 is a shared variable. It
occurs in the MCS with the vertices x1 and x3 and the one containing x2, x3
and x4. The two possible groupings are {x1, x3}{x2, x4} and {x1}{x2, x3, x4}.
The decision which is the final group is not well defined. In the implementation
in this thesis the group which is found first by the algorithm is chosen. Because
the variable are presented in natural or lexicographical order, the solution is
deterministic but not unique. The combined interaction graph created by
TSOsingle 4.3(a) results in the first possible grouping {x1, x3}{x2, x4}. In the
graph from TSOall x3 is again the a shared variable, it is present in the MCS
with x1, x3 and x3, x4. TSVall lead to the grouping {x1, x3}{x2}{x4}. The
TSV is deterministic but it finds only one solution when there are maybe
more.

4.2.3. Combinations of TSO and TSV

As mentioned above, TS consist of two consecutive steps TSO and TSV . The
first one tackles the issue of multiple objectives, the second one creates the
final groupings depending on the variable interactions. For both steps two
alternatives were presented, the combinations of both lead to four different
Transfer Strategies:

• OS+VS = {Osingle, Vsingle}

• OS+VA = {Osingle, Vall}

• OA+VS = {Oall, Vsingle}

• OA+VA = {Oall, Vall}
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The TSO creates combined interaction graphs (Figure 4.3) which will then
be used as input for the TSV . For the TSV again two alternatives TSVsingle
(VS) and TSVall (VA) are used to create the following final variable groups:

• OS+VS: {x1, x2, x3, x4}

• OS+VA: {x1, x3}{x2, x4} or {x1}{x2, x3, x4}

• OA+VS: {x1, x3, x4}{x2}

• OA+VA: {x1, x3}{x2}{x4} or {x3, x4}{x1}{x2}

4.2.4. Relationship to existing Methods

When we compare the grouping mechanisms of MOEA/DVA and LMEA with
the four TS a relation between them could be noticed. Both of them check
Equation 2.3 with several randomly chosen input values to check if a vari-
able has interaction with another. An interaction among a single objective is
sufficient, this corresponds to the proposed TSOsingle. To create the groups,
maximally connected subgraphs are considered by both methods. A single
connection is sufficient to put two variables in one group, a MCS is not nec-
essary, this behaviour corresponds to the TSV TSVsingle. So OS+VS can be
regarded as the recently used standard approach, but the two methods do not
exactly the same as OS+VS. They use a probabilistic approach and whether
a connection is found depends on how often the interaction check is executed
with different input values. OS+VS on the other hand is deterministic.

4.3. Transferred Grouping Methods

The approaches or algorithms which were transferred from single- to multi-
objective problems are described here. The differences between the single- and
multi-objective versions are described. First, the trivial methods Random and
Delta grouping are explained, after that the approaches for transferring DG2
to the multi-objective case are mentioned.
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4.3.1. Trivial Grouping Methods

The trivial grouping strategies are the simplest grouping strategies one can
think of. 1-Group (G1) takes all decision variables and creates one big group
which includes all of them. The variables are not divided into different groups,
G1 represents the normal EA which does not use any grouping method. Com-
parisons to G1 can show if a grouping is better or worse than the normal
approach without grouping. G1 is one extreme grouping with just one group,
N-Group (GN) is the other extreme: every decision variables is put in a single
group. For n decision variables GN will lead to n groups each containing one
variable.

During the early stages of this thesis, some of these trivial groupings lead to
promising results, because of this they are included in the evaluation.

4.3.2. Multi-objective Random & Delta Grouping

The only difference between Multi-objective Random Grouping (MRAND) and
Multi-objective Delta Grouping (MDELTA) and their single-objective version
is that the new method has to deal with more objective functions, but this
does not affect the grouping because it is not based on the objective functions.
For MRAND the grouping is randomly and therefore it is irrelevant how many
objectives we consider. MDELTA also does not depend on the number of
objectives. Only the values of the variables are analysed to find the groups,
the objective function(s) are not necessary for this.

The disadvantage of these approaches is that they need the group size or the
number of groups as a fixed parameter. For different problems and number
of decision variables a fixed subcomponent size can lead to different group-
ings. To check which method performs best, a test with various parameters
is done, before comparing MRAND and MDELTA to the other algorithms.
Eight different versions of the two algorithms are described below.

One approach is to fix the group size of the algorithm, defined as SX with a
group size of X. Four different group sizes are considered: X = {2, 5, 20, 50}.
These approach leads to different numbers of subcomponents, depending on
the number of decision variables, but fixes the groups sizes to the specified
number. The second approach defines the number of subcomponents, and the
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Table 4.1.: Number of groups and group size combinations of all SX and NX
versions of MRAND and MDELTA

S2 S5 S20 S50 N2 N5 N20 N50

100 50 x 2 20 x 5 5 x 20 2 x 50 2 x 50 5 x 20 20 x 5 50 x 2
200 100 x 2 40 x 5 10 x 20 4 x 50 2 x 100 5 x 40 20 x 10 50 x 4
500 250 x 2 100 x 5 25 x 20 10 x 50 2 x 250 5 x 100 20 x 25 50 x 10

group size of these will change with varying number of decision variables. It
is denoted as NX with X being the number of subcomponent. The values for
X are the same as in the SX approach: X = {2, 5, 20, 50}. This leads to eight
overall versions of both of the two algorithms:

• SX = S2, S5, S20, S50

• NX = N2, N5, N20, N50

Table 4.1 shows for the three considered number of decision variables 100, 200
and 500 the number and size of the groups generated by the eight versions.
The first value is number of groups, the second the groupsize. For example,
the version S50 creates for 200 decision variables 4 groups with each a size of
50 variables.

4.3.3. Multi-objective Differential Grouping 2

Multi-objective Differential Grouping 2 (MDG2) is a multi-objective version
of the DG2 described in Subsection 3.3.4. The depicted Algorithm 4 of the
single-objective version was used as basis. The transfer to the multi-objective
case is done by the described TS. MDG2 just executes the normal DG2 on all
objective functions which leads to m different interaction matrices (or graphs),
one for every objective. With this result the previously described TS are used
to create a proper grouping of the variables. The result of MDG2 is the input
for the described TS.
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4.4. Classification of the Grouping Methods

Figure 4.4 shows the previous classification graph with the added approaches.
The orange shaded nodes contain the new methods which were proposed and
will be analysed in this work.

The new methods are namely G1 and GN which fall into the trivial category
because they do not use information from the variables or the problem to obtain
the grouping. The next ones are the two dynamic multi-objective versions of
Random and Delta Grouping namely MRAND and MDELTA. Purple boxes
illustrate in which versions the algorithms are available. The two approaches
come with four SX and four NX with X ∈ {2, 5, 20, 50} versions which try
to find good group sizes or numbers of groups respectively. A multi-objective
version of the DG2 is proposed and called MDG2. The four TS are used to
create the final groups.

Interaction Grouping

Dynamic TrivialIntelligent

Interdependence

Analysis (MOEA/DVA)

Correlation Analysis

(LMEA)

Linear GroupingRandom Grouping

Delta Grouping

Differential Grouping

2

Differential Grouping

Multidimensional

Differential Grouping

2

Multidimensional

Random Grouping

Multidimensional

Delta Grouping

1-Group

N-Group

OA+VA

OA+VS

OS+VA

OS+VS SX

NX

SX

NX

Figure 4.4.: Classification of existing and new Interaction Grouping approches
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4.5. Reference Algorithms

To test how the grouping methods perform, empirical and theoretic tests are
carried out. To check the impact of the different grouping methods on the
results, two reference algorithms were used. The reason for this is that the
quality of the grouping method should be measured, and not the optimisation
performance of the used EA. High quality GMs should work not only with
one algorithm, they should be used by several different EAs. Because of this
the GMs are tested by inserting them in these reference algorithms which use
different optimisation approaches for the given groups. GMs should work to-
gether with both of the described reference algorithms, only if the performance
of both is high for one grouping, it should be general.

The PDG from LMEA, namely VC performs better than the corresponding
CVA from MOEA/DVA [34]. Because of this and the fact that the analysis
of the PDG is not in the scope of this work, VC is used in both reference
algorithms.

Algorithm 7: Reference algorithm 1 (Ref1) adapted LMEA
Input: nSel, nPer, nCor, ...
Result: Pop

1 Pop← initializePop();
2 [PV,DV ]← V ariableClustering(nSel, nPer);
3 DV Set← groupingMethod(DV, nCor, ...);
4 while FEs available do
5 for i = 1 : 10 do
6 Population← ConvergenceOptimisation(Pop,DV Set);
7 terminateIfNoFEsAvailable();
8 end
9 for i = 1 : M do

10 Population← DistributionOptimisation(Pop, PV );
11 terminateIfNoFEsAvailable();
12 end
13 end

The first reference algorithm is the standard LMEA with some minor changes,
the original LMEA was described in Subsection 3.1.2. Algorithm 7 shows the
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general structure. The groupingMethod is replaced by the actual tested one.
In the used implementation the algorithms have to assure themselves that they
do not use more FEs than allowed. After each execution of the convergence
or distribution optimisation the number of remaining FEs is checked. The
original LMEA implementation just checks if the maximum FEs are reached
in the condition of the while loop. Inside of this loop the number of used FEs
is not checked. Especially when dealing with fully separable functions, the
convergence optimisation is very expensive. In those cases LMEA could use
more FEs than allowed, number can grow up to approximately 1/3 more than
allowed. The comparison against an algorithm which uses only the allowed
FEs is maybe not fair. When 1, 000, 000 FEs are allowed LMEA can use in
some cases up to 1, 300, 000. For a fair comparison against other algorithms
it should be assured that all of them have the same computational budget.
The functions terminateIfNoFEsAvailable() checks the remaining FEs and
terminates the algorithm if the maximal number was reached.

The second reference algorithm Ref2 is a combination of parts of MOEA/DVA
and LMEA. It is depicted in Algorithm 8. MOEA/DVA just fixes the posi-
tion variables at the beginning. This static approach leads to a lack of dis-
tribution in the final population, because of this the distribution optimisa-
tion from LMEA is executed (line 10) after the subcomponent optimiser from
MOEA/DVA (line7) which only optimises the distance variables.

Another reason why the original MOEA/DVA was not used is the utility func-
tion which was described in Subsection 3.1.1. It checks after every generation
if the subcomponent optimisation of the found groups is still effective. When
the solution quality does not increase anymore, a fallback EA is used instead
of the group based optimisation. This idea is good for increasing the overall
performance but the goal of the reference algorithms is to test the quality of
the given GMs and not use a different optimisation approach which does not
depend on the groups. It is possible that MOEA/DVA switches to the fallback
EA after only one generation. The results are maybe better than the optimi-
sation of the groups, but does not contain the wanted information which is
the quality of the groups. Because of this the utility function was not used in
Ref2.
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Algorithm 8: Reference algorithm 2 (Ref2): combination of parts of
MOEA/DVA and LMEA

Input: nSel, nPer, nCor, ...
Result: Pop

1 Pop← initializePop();
2 [PV,DV ]← V ariableClustering(nSel, nPer);
3 DV Set← groupingMethod(DV, nCor, ...);
4 Neighbour ← calcNeighboursOfEachIndividual(Pop, PV );
5 while FEs available do
6 for i = length(DV Set) do
7 Pop← SubcomponentOptimizer(Pop,Neighbour,DV Seti);
8 terminateIfNoFEsAvailable();
9 end

10 Population← DistributionOptimization(Pop, PV );
11 terminateIfNoFEsAvailable();
12 end
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The obtained results of the proposed grouping methods are described and
analysed in this chapter. The evaluation can be divided in two categories: the
theoretical (mathematical) and empirical analysis. Most often EAs are com-
pared against each other based on an empirical analysis of particular designed
benchmark problems. Additional to this a theoretical analysis is carried out in
this work. The reason for this is the recently proposed test suite LSMOP. This
test suite covers the researched interaction of variables directly. The interac-
tion of variables is not a side effect like in other problem suites, it is wanted
behaviour and can be manipulated with a predefined parameter.

First the goals of the evaluation are mentioned, they describe what we want
to find out with the analysis and the experiments. After that the theoretical
analysis is carried out in Section 5.2. The LSMOP test suite is analysed and
the grouping results of MDG2 and the proposed TS is compared with existing
approaches like CA from LMEA. After that in Section 5.4 the performance of
the GMs are compared on the basis of large-scale benchmark problems. The
last point of the evaluation is the Summary in Section 5.5. We take a look
back at the obtained results and the goals of the work and evaluation.

5.1. Goals of the Evaluation

The goals of the work were mentioned at the beginning of this thesis:

1. Develop strategies which transfer single-objective grouping methods to
the multi-objective case

2. Examine the capabilities of existing and new approaches theoretically

3. Evaluate the performance of state-of-the-art grouping methods using the
proposed Transfer Strategies
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The Transfer Strategies for grouping methods from the single- to the multi-
objective case were developed in Chapter 4. The evaluation tackles the two re-
maining goals. To examine the capabilities of the existing and new approaches
theoretically, a mathematical analysis is carried out, which is the first part of
this evaluation. The empirical experiments tackle the third goal and compare
the performance of the approaches.

The goal of the evaluation is not to compare the performance of the different
algorithms against each other. The goal is to compare the proposed grouping
methods with each other. The quality of the groups will be pointed out in the
results, not the optimisation quality of the algorithms. We consider two ref-
erence algorithms which use different techniques to optimise the found groups
to assure that the grouping of the variables is good in general and not only for
a special algorithm. They were described in Section 4.5.

The theoretical and empirical test settings are chosen to fulfil the goal of
this work. To do so, some scientific questions are tried to answer with the
evaluation. The concrete questions can be abbreviated from the second and
third goal of this work and are as follows:

1. Do the GMs find the theoretical correct groups?

2. Are the results constant for different optimisation algorithms, benchmark
problems and number of variables?

3. How do the transferred GMs perform against existing multi-objective
ones?

4. Are complex approaches better than simple ones?

5. Are theoretical and empirical results congruent?

6. What is more important, the grouping method itself or the how the
groups are used in the optimisation process?

In the summary of the results in Section 5.5 the found answers to this questions
are given.
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5.2. Theoretical Analysis

In this section the GMs are analysed on a theoretical basis. It is not the per-
formance of the algorithms that is considered but the grouping result directly
to check if the GMs find the correct interacting variables. The results can be
compared to the empirical ones.

To test this, the following three steps are necessary. First the mathematical
basis of the LSMOP test suite is analysed with respect to the interacting vari-
ables in Subsection 5.2.1. The interacting variables are based on parameters
for the LSMOP problems. The theoretical correct interactions are described
in Subsection 5.2.2 for some arbitrary parameters. The number of decision
variables and objective functions is kept small to give a clear visualisation of
the results. In Subsection 5.2.3 the results of the MDG2 approach are anal-
ysed. The obtained interactions are compared against the theoretical correct
ones. The found interactions are used as the starting point for the TS which
are used to create the final groups in the last Subsection 5.2.4. The grouping
results of MDG2 with the four TS are compared against the state-of-the-art
method CA from LMEA.

5.2.1. Theoretic Grouping Description LSMOP

The Large-Scale Multi and Many-objective Test Problem (LSMOP) problems
have specific characteristics which are mentioned in [4]. They were designed
to specify subcomponents and therefore they fit perfectly to this evaluation.
With information from the paper the variable groups can be determined. To
better understand the groupings the theoretical basis and their instances are
described in the following. Only the parts which are important for the grouping
are mentioned, the other ones are omitted. All formulas were taken directly
from the description of LSMOP [4].

Figure 5.1 shows the general structure of the LSMOP problems. It consists
of four parts but the instances of the linkage functions L(xs) and the shape
functions H(xf ) are not described further because they do not affect the vari-
able interactions. The instances of the landscape functions and the correlation
matrix are described. With the combinations of the instances of these four
parts, the nine final LSMOP problem instances were created [4].
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Figure 5.1.: general structure of all LSMOP problems. H(xf ) is the shape
Matrix, G(xs) the landscape matrix with the landscape func-
tions g1(xs), ...gm(xs), correlation matrix C and linkage function
L(xs).The Figure was taken from [4]

The uniform design formulation of the problems is described as follows:

F (x) = H(xf )(I +G(xs)) (5.1)

Where the objective functions are given as F (x) = [f1(x), ..., fm(x)]. H(x) =

[h1(x
f ), ..., hm(xf )] defines the shape of the Pareto-front and is called shape

matrix. I is the identity matrix and G(x) = diagonal(g(xs), ..., g(xs)) is a
diagonal matrix which defines the fitness landscape and is called landscape
matrix. The landscape matrix and the landscape functions f1 to fm are most
important for the grouping analysis. The concrete objective functions are:

f(x) =


f1(x) = h1(x

f )(1 + g1(x
s))

f2(x) = h2(x
f )(1 + g2(x

s))

...

fm(x) = hm(xf )(1 + gm(xs))

(5.2)

with the overall decision vector ~x, the position variables ~xf and the distance
variables ~xs:

~x = (~xf , ~xs) (5.3)
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The position variables are xf = (x1, ..., xm−1) the distance variables are xs =

(xm, ..., xn) with n overall decision variables. All nine LSMOP problems follow
these structure and are created as a combination of predefined instances for
H(xf ) and G(xs). G(xs), which contains the landscape functions, is described
detailed later in this subsection.

The distance variables are non-uniformly split into m objective-groups which
are then further divided into nk subcomponents:

xs = (xs1, ..., x
s
m) (5.4)

xsi = (xsi,1, ..., x
s
i,nk) (5.5)

The m groups are called objective-groups, as not to be confused with the sub-
components, which have the interactions that are considered in this work. The
subcomponents describe the groups of interacting variables we want to find
with the proposed grouping methods. Every distance variable has to occur
once in one of the m objective-groups, see Equation 5.4. These m objective-
groups consists of nk subcomponents, see Equation 5.5. To assure that the
group sizes are equal for every independent run, a chaos based pseudo random
number generator is used [4].

After these steps we have m overall objective-groups which consist each of
nk subcomponents. But not every decision variable is correlated with ev-
ery objective function. Matrix C describes the correlations between the m
objective-groups and the m objective functions:

C(i, j) =


c1,1 c1,2 · · · c1,m
c2,1 c2,2 · · · c2,m
...

... . . . ...
cm,1 cm,2 · · · cm,m

 (5.6)

A value of C(i, j) = 1 means that the objective function fi(x) is correlated
with the decision variables in the objective-group xsj . A value of C(i, j) = 0

means that these two are not correlated, C(i, j) = 1 indicates correlation.

When xsj is not correlated to a landscape function gi, the values of gi(xsj) will
be ignored. More formally with the correlation matrix C and the landscape
functions gi, Equation 5.2 can be rewritten as:
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f(x) =



f1(x) = h1(x
f )(1 +

m∑
j=1

c1,j × g1(xsj))

...

fi(x) = hi(x
f )(1 +

m∑
j=1

ci,j × gi(xsj))

...

fm(x) = hm(xf )(1 +
m∑
j=1

cm,j × gm(xsj))

(5.7)

pn(d) =
Bn−1∑

bk=Bn−1c

logB

(
1 +

1

k ·B + d

)
(5.8)

The generated landscape values of a objective-group xsj , gi(xsj) are only added
to the overall objective value if and only if the objective i is correlated with
the variable group j: ci,j = 1. Otherwise the landscape value will not be
considered, by multiplying it with ci,j = 0.

Table 5.1.: Single-objective optimisation problems which were used to build
the multi-objective problems for LSMOP [4]

Problem Separability
η1: Sphere function Separable
η2: Schwefel’s problem Non-Separable
η3: Rosenbrock’s function Non-Separable
η4: Rastrigin’s function Separable
η5: Griewank’s function Non-Separable
η6: Ackley’s function Separable

The landscape functions are described with a pool of six single-objective opti-
misation problems depicted in Table 5.1. In total there are three Separable and
three Non-Separable functions. The LMSOP suite is scalable to any number
of objectives: gi(xs) with 1 < i < m. The landscape functions are divided into
two alternating groups:
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{
gI(xsi ) = {g2k−1(xsi )}
gII(xsi ) = {g2k(xsi )}

(5.9)

with k = 1, ...,m/2. Both gI(xsi ) and gII(xsi ) are assigned to one of the single-
objective functions η1, ..., η6 of Table 5.1. Consider an example with m = 4,
gI = η2 and gII = η5. g1(xs) and g3(xs) use gI(xsi ) = η2(x

s
i ), g2(xs) and g4(xs)

use gI(xsi ) = η5(x
s
i ).

The correlation matrix has three instances: Separable, Overlapped and Full
Correlations. The Separable Correlation matrix is just the identity matrix
C1 = I. Objective-group xsi is correlated with objective function fi. For
Overlapped Correlations all elements on the main diagonal are 1 (like I) and
additional the right neighbours of the diagonal: C2(i, i) = 1 and C2(i, i+1) = 1.
With C2 an objective-group is connected to two objective functions. Full
Correlations connect all variable groups with all objective functions. Here all
elements are equal to 1: C3(i, j) = 1.

Table 5.2.: Concrete instances of all nine LSMOP problems
Problem gI gII C

LSMOP1: η1 η1 C1

LSMOP2: η5 η2 C1

LSMOP3: η4 η3 C1

LSMOP4: η6 η5 C1

LSMOP5: η1 η1 C2

LSMOP6: η3 η2 C2

LSMOP7: η6 η3 C2

LSMOP8: η5 η1 C2

LSMOP9: η1 η6 C3

The nine LSMOP instances are depicted in Table 5.2. The used landscape
functions H(xf ) and linkage functions L(x) were omitted because they are
not relevant in this context. The structure of the LSMOP test suite, landscape
functions and the correlation matrix were described theoretically. In the next
subsection the definitions are used to create concrete LSMOP instances.
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5.2.2. Test LSMOP Instances

Here the interactions of variables will be described for a specific set of pa-
rameters for the LSMOP test suite. With formulas described above and the
number of objectives m, the number of decision variables n and the number of
subcomponents nk the correct interactions of the variables can be computed.

The number of decision variables is chosen small to visualize the grouping
results and check if the different GMs find the correct groups or variable inter-
actions, it is set to n = 11. The number of objectives m = 2 is the same as in
the following empirical experiments to assure comparability and visualisation
of the results. The parameter nk describes the number of subcomponents in
each of the m parts of the distance variable vector (objective-groups) xis with
i = 1, ...,m. In the empirical experiments the standard value nk = 5 is used,
here the number of subcomponents is reduced to nk = 2 because of the re-
duced number of decision variables. With these parameters and the formulas
of the preceding subsection the nine LMSOP problems are instantiated and
the variable interactions are calculated for each of them.

With the information that we have, two objective functionsm = 2, the concrete
correlation matrices and reduced problem structures can be described. With
m = 2 the correlation matrices from Equation 5.6 have the following instances:

C1 =

(
1 0

0 1

)
(5.10a)

C2 =

(
1 1

0 1

)
(5.10b)

C3 =

(
1 1

1 1

)
(5.10c)

Formula 5.9 can be simplified with the known number of objectives to:

f(x) =


f1(x) = h1(x

f )(1 +
2∑

j=1

c1,j × g1(xsj))

f2(x) = h2(x
f )(1 +

2∑
j=1

c2,j × g2(xsj))
(5.11)
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We have two conflicting objective functions f1(x) and f2(x). We can rewrite
the sum formula in the following way:

{
f1(x) = h1(x

f )(1 + c1,1 × g1(xs1) + c1,2 × g1(xs2))
f2(x) = h2(x

f )(1 + c2,1 × g2(xs1) + c2,2 × g2(xs2))
(5.12)

We can further replace g1(x) and g2(x) with the corresponding alternating
functions gI(x) and gII(x) respectively:

{
f1(x) = h1(x

f )(1 + c1,1 × gI(xs1) + c1,2 × gI(xs2))
f2(x) = h2(x

f )(1 + c2,1 × gII(xs1) + c2,2 × gII(xs2))
(5.13)

Until this step the instantiation for every of the nine problems is the same.
To get the objective functions for every problem instance, we need to insert
the problem specific values for gI(x), gII(x) and C. The three versions of the
Correlation Matrix used to create the following three versions of the objective
functions first. Formula 5.13 with the identity matrix C1 can be rewritten as
follows

fc1(x) =

{
f1(x) = h1(x

f )(1 + 1× gI(xs1) + 0× gI(xs2))
f2(x) = h2(x

f )(1 + 0× gII(xs1) + 1× gII(xs2))
(5.14)

further summarized to:

fc1(x) =

{
f1(x) = h1(x

f )(1 + gI(xs1))

f2(x) = h2(x
f )(1 + gII(xs2))

(5.15)

Inserting the other two Correlation Matrices into 5.13 lead to

fc2(x) =

{
f1(x) = h1(x

f )(1 + gI(xs1) + gI(xs2))

f2(x) = h2(x
f )(1 + gII(xs2))

(5.16)

55



5. Evaluation

and

fc3(x) =

{
f1(x) = h1(x

f )(1 + gI(xs1) + gI(xs2))

f2(x) = h2(x
f )(1 + gII(xs1) + gII(xs2))

(5.17)

The problem instances can be created with one of the three previous objective
functions and the single-objective functions from Table 5.1 for the two alter-
nating gI and gII . For the first problems, we have gI(x) = gII(x) = η1 and
C1 = I., according to Table 5.2. When we insert these values in Equation 5.15
we get:

LSMOP1(x) =

{
f1(x) = h1(x

f )(1 + η1(x
s
1))

f2(x) = h2(x
f )(1 + η1(x

s
2))

(5.18)

The other eight LSMOP problems can be created in the same way, the complete
formulas are given in the appendix.

Further information, more precise the number of decision variables n and the
number of subcomponents nk, is used in the following to create the interacting
variables.

The length and containing variables of each of the m objective-groups xsi is
generated by a pseudo random number generator. It assures that for every
independent run the sizes and variables in the m objective-groups remain the
same.

The position and distance variables lead to the following allocation according
to Equation 5.3 with xf = (x1, ..., xm−1), xs = (xm, ..., xn) and m = 2:

xf = (x1, ..., x2−1) = (x1) (5.19)

xs = (xm, ..., xn) = (x2, ..., x11) (5.20)

The overall decision variables x = {x1, ..., x11} are divided into a group of
position variables {x1} and distance variables {x2, ..., x11}.
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The pseudo random number generator divides the 10 distance variables into
two objective-groups according to xs = (xs1, ..., x

s
m) (Equation 5.4). The group

sizes are: |xs1| = 4 and |xs2| = 6. The first objective-group xs1 consists of the
first four distance variables: xs1 = (x2, x3, x4, x5), the second one of the re-
maining six: xs2 = (x6, x7, x8, x9, x10, x11). Every objective-group xsi is equally
divided into nk = 2 subcomponents ordered again by the indices of the vari-
able, just like the allocation to the objective-groups. The subcomponents of
the first objective-group xs1 are: xs1,1 = {x2, x3} and xs1,2 = {x4, x5} with
xs1 = (xs1,1, x

s
1,2). The subcomponents of the second objective-group con-

tain three variables each because |xs
2|

nk
= 6

2
= 3. The subcomponents are:

xs2,1 = {x6, x7, x8} and xs2,2 = {x9, x10, x11} with xs2 = (xs2,1, x
s
2,2). The struc-

ture of the LSMOP suite with which was analysed in the preceding paragraphs
for the chosen parameters can be summarised in Table 5.3.

Table 5.3.: Structure of the LSMOP test suite for m = 2, n = 11 and nk = 2

position/distance xf xs

objective-groups xs1 xs2

subcomponents xs1,1 xs1,2 xs2,1 xs2,2

variables x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11

Table 5.4.: Variable interactions for the two objective functions f1 and f2 of
LSMOP2, identical with the result of MDG2

f1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 f2 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11

x2 - 1 0 0 0 0 0 0 0 0 x2 - 0 0 0 0 0 0 0 0 0
x3 1 - 0 0 0 0 0 0 0 0 x3 0 - 0 0 0 0 0 0 0 0
x4 0 0 - 1 0 0 0 0 0 0 x4 0 0 - 0 0 0 0 0 0 0
x5 0 0 1 - 0 0 0 0 0 0 x5 0 0 0 - 0 0 0 0 0 0
x6 0 0 0 0 - 0 0 0 0 0 x6 0 0 0 0 - 1 1 0 0 0
x7 0 0 0 0 0 - 0 0 0 0 x7 0 0 0 0 1 - 1 0 0 0
x8 0 0 0 0 0 0 - 0 0 0 x8 0 0 0 0 1 1 - 0 0 0
x9 0 0 0 0 0 0 0 - 0 0 x9 0 0 0 0 0 0 0 - 1 1
x10 0 0 0 0 0 0 0 0 - 0 x10 0 0 0 0 0 0 0 1 - 1
x11 0 0 0 0 0 0 0 0 0 - x11 0 0 0 0 0 0 0 1 1 -
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Interactions according to Equation 2.3 occur among the variables in the sub-
components if the used single-objective function is Non-separable. For instance
LSMOP1 uses η1 for both of its objective functions. η1 is separable and there-
fore no variable interactions occur in its objective-groups. LMSOP2 on the
other hand uses η5 and η2 which are both non-separable, here the interactions
become visible. The interaction matrix of LMSOP2 is shown in Table 5.4,
”0” means no interaction, a ”1” indicates interaction and ”− ” is used on the
main diagonal because a variable cannot interact with itself. Interactions are
additionally marked with a green background. All interaction matrices are
symmetric. The interactions are shown separate for objective functions f1 and
f2. The vertical and diagonal lines help to distinguish the two objective-groups
and their two subcomponents, compare Table 5.3. LSMOP2 uses the Correla-
tion Matrix C1, this leads to fc1(x), see Equation 5.15. According to fc1(x) the
second objective-group xs2 is not applied to the first objective function because
gI(xs2) was multiplied with 0. Because of this, changes in variables of xs2 does
not affect the first objective function f1 and can therefore not interact with
each other among this function. The variables of xs2 namely {x6, ..., x11} have
therefore only zeros in the depicted interaction matrix 5.4. The same applies to
the first objective-group xs1 for the second objective function f2(x). The other
two combinations (xs1&f1(x) and xs2&f2(x)) lead to the interacting variables
in the subcomponents.

The other LSMOP problems can be constructed in the same way. In the
next subsection the results of MDG2 are compared to the correct variable
interactions.

5.2.3. Results of MDG2

The grouping quality of the proposed MDG2 and the four TS are tested the-
oretically. The created test instances of the 9 LSMOP problems are used to
measure the results. Tables 5.5 and 5.6 show the results of MDG2 for LSMOP1
and LSMOP3-9. The results of LSMOP2 are depicted in the preceding sub-
section in Table 5.4. The created example test instance of the LSMOP test
suite is considered with the three parameters m = 2, nk = 2 and d = 11. In
all test problems x1 is a position variable and is therefore not considered in
the grouping. The interaction matrices for the two objective functions f1 and
f2 are shown for the nine LSMOP problems. A "1" shows that MDG2 has no-
ticed interaction between the two variables in the row and column. Analogous

58



5.2. Theoretical Analysis

Table 5.5.: Variable interactions detected by MDG2 for the two objective func-
tions f1 and f2 of LSMOP1,3,4 and 5
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Table 5.6.: Variable interactions detected by MDG2 for the two objective func-
tions f1 and f2 of LSMOP6,7,8 and 9
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5. Evaluation

a "0" shows that no interaction was noticed by MDG2. The correct found
interactions are shown in green, false ones in red. More precise, the green
ones represent true positives and the red ones false positives. True positives
are correctly found interactions, false positives indicate where MDG2 shows
interaction where no interaction exists. "0" defines the true negatives, no in-
teraction exist and MDG2 also finds no interaction. False negatives, where
no interaction exist but MDG2 finds interaction, do not appear in any of the
results.

When looking on the results in Tables 5.5 and 5.6 a lot of things could be
noticed. First of all that MDG2 finds in most cases the correct result, whether
two variables have no interaction "0", or whether they have interaction, the
green "1"s. Interesting is that the false results are in all cases false positives
and no false negatives. So MDG2 can recognise interactions where there are
no interactions, but on the other hand all existent interactions are found. A
reason for this could be the parameter e of the DG2 and MDG2 which regulates
the sensitivity of the interaction check.

Another interesting fact is that interactions are only existent in the
previously described four subcomponents which contain the variables
{x2, x3},{x4, x5},{x6, x7, x8} and {x9, x10, x11} respectively. This subcompo-
nents are separated by vertical and horizontal lines in the two tables to give
a better overview. It is interesting that not only the true but also the falsely
detected interactions occur only inside these subcomponents. For instance in
LSMOP9 no interactions should be noticed because f1 and f2 are both sep-
arable functions, but interactions are found not on random positions but in
the second objective function, the second objective group inside their two sub-
components. This observation can also be made for the other false positives
in LSMOP4 and 7. Again the falsely detected interactions occur only inside
the two subcomponents of an objective group. The reason for the fact that
the false values occur so structured could not be worked out. Possible reasons
for this could be a mistake in the preceding theoretic analysis of the problem.
Another reason could be that the interactions are present because of other
dependencies of the LSMOP test suite which was not intended by the authors
or simply not described in the paper. Since this is the first theoretical analysis
of the interaction structure of LSMOP, this could be possible, but that are
speculations. Functions of the well konwn ZDT and DTLZ test suite were
considered as either separable or non-separable until non trivial variable inter-
actions are detected during an analysis of the functions with a DG approach
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5.2. Theoretical Analysis

in [11]. So DG based methods were used before to identify interactions of
functions which were considered separable, if this is the case again could not
be determined.

When taking a closer look on the subcomponents itself there can be noticed
that in some subcomponents every variable interacts with each other, or more
precise they form an MCS, for instance in LSMOP6. In LSMOP3 the subcom-
ponents have interactions too, but they form only a maximally connected sub-
graph and no maximally complete subgraph (MCS). The interactions x6 − x7
and x7−x8 are present, but x6−x8 is missing. Which version is correct could
not be determined because it is not described by the LSMOP suite. Both
variants are assumed to be correct because the kind of interactions inside a
subcomponent is not explicitly defined by LSMOP [4].

In this subsection the grouping results of MDG2 which are two interaction
matrices (one for every objective of the problem) were described and anal-
ysed. The theoretic analysis shows clearly that the proposed multi-objective
version of DG2, namely MDG2 finds the correct variable interactions of the
LSMOP test suite in most of the cases. All existing interactions were found by
MDG2, in some cases it detects interactions where no interaction exists (false
positives).

5.2.4. Comparison of TS and CA

In the following we will take a closer look on the four TS and CA from LMEA.
We have noticed different interactions among different objective functions in
the LSMOP test suite in the preceding Subsection 5.2.3. Because of this, the
initial goal of the TS, to find the correct groups of interacted variables, is not
directly possible. The interacted variables differ between the objective func-
tions, so the correct groups cannot be determined. The variable interactions
differ among the objective functions, but the variables have to be changed
simultaneously for the multiple objectives. So the overall correct groups of
interacted variables cannot be well defined.

The proposed TS are an approach to build groups from the found variable in-
teractions. The key point is that a theoretical correct version of the TS cannot
be found because the LSMOP problems describe only the correct interactions
of the variables per objective not the correct groups which we want to find

61



5. Evaluation

for the optimisation process of the EA. The LSMOP test suite describes the
variable interactions which can differ between the objective functions. These
variable interactions per objective are only the starting point of the TS which
use them as input to create the groups. This means that the result of the TS
can only be described but not mathematically verified.

1. find correct variable interactions

2. create the correct groups

So only the point 1 can by analysed on a mathematical basis, for the second
one no final answer can be provided. The quality of the groups will be then
by analysed in the following empirical evaluation.

Table 5.7.: Combined interaction matrices for the LSMOP2 problem and the
two TSO strategies Osingle (OS) and Oall (OA)

OS x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 OA x2 x3 x4 x5 x6 x7 x8 x9 x10 x11

x2 - 1 0 0 0 0 0 0 0 0 x2 - 0 0 0 0 0 0 0 0 0
x3 1 - 0 0 0 0 0 0 0 0 x3 0 - 0 0 0 0 0 0 0 0
x4 0 0 - 1 0 0 0 0 0 0 x4 0 0 - 0 0 0 0 0 0 0
x5 0 0 1 - 0 0 0 0 0 0 x5 0 0 0 - 0 0 0 0 0 0
x6 0 0 0 0 - 1 1 0 0 0 x6 0 0 0 0 - 0 0 0 0 0
x7 0 0 0 0 1 - 1 0 0 0 x7 0 0 0 0 0 - 0 0 0 0
x8 0 0 0 0 1 1 - 0 0 0 x8 0 0 0 0 0 0 - 0 0 0
x9 0 0 0 0 0 0 0 - 1 1 x9 0 0 0 0 0 0 0 - 0 0
x10 0 0 0 0 0 0 0 1 - 1 x10 0 0 0 0 0 0 0 0 - 0
x11 0 0 0 0 0 0 0 1 1 - x11 0 0 0 0 0 0 0 0 0 -

The TSO methods combine the interaction matrices of the multiple objective
functions to one matrix. OS counts an interaction if it is present in at least
one interaction matrix, it can be seen as a logical OR connection of boolean
matrices with 1 = true and 0 = false. In the resulting combined matrix all
four subcomponents interact among each other. OA on the other hand counts
an interaction only if it is present in all objective functions, it can be seen
as AND connection of the matrices. This leads to no counted interactions
because there are no overlaps in the two objective functions of LSMOP2, see
Table 5.7. All other created interaction matrices are depicted in the Tables
5.8 and 5.9. The "1"s are marked in yellow for a better overview.

The first thing which attracts attention when considering the results is the
strong difference between the two combined matrices. OS leads with the same
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5.2. Theoretical Analysis

Table 5.8.: The combined interaction matrices of the two TSO methods OS and
OA based on the detected interactions of two objective functions
by MDG2 for LSMOP1,3,4 and 5
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Table 5.9.: The combined interaction matrices of the two TSO methods OS and
OA based on the detected interactions of two objective functions
by MDG2 for LSMOP6,7,8 and 9
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input to a very different matrix than OA. Because LSMOP problems have the
same structure for a higher number of decision variables, the results of the two
TSO methods will differ also in the empirical experiments and will maybe lead
to varying results.

In the following we will take a closer look at the finally found groups and
the used FEs. MDG2 uses for all considered LSMOP problems the same
amount function evaluations because the number of input variables remains
the same. For 10 distance variables MDG2 uses 56 FE to obtain the two
interaction matrices. The considered state-of-the-art multi-objective GM is
the CA from LMEA. This method is used to compare the new one against a
state-of-the-art approach. CA is a probabilistic method and uses a different
amounts of FEs for every problem and independent run. The used FEs for
the considered example LSMOP2 range in 5 independent runs from 594 to 675

and are therefore approximately 10 times higher than the ones from MDG2.
The results of CA are the groups of variables, the overall interaction matrix
for the different objectives or the combination of them is not computed. The
results of both methods will be compared by considering the found groups.

For LSMOP2 the two OS methods (OS+VS and OS+VA) lead to the following
groups of variables: {x2, x3}, {x4, x5}, {x6, x7, x8} and {x9, x10, x11}. These are
the correct subcomponents of the LSMOP test suite (see Tables 5.3 and 5.7).
Both OA methods lead to 10 groups each containing a single variable because
the combined matrix of OA (see Table 5.7 right half) contains no interactions.
These are quite different results. CA leads to the two groups {x2, x3} and
{x4, x5}, it puts every other variable in a single group. CA recognizes the
interactions of the first objective but omits the one from the second one.

LSMOP1,5 and 9 are fully separable, the correct result would be a single
group for every variable. All five methods (MDG2 with the four TS and CA)
obtain the correct groups for LSMOP1 and 5. 10 groups each containing one
variable were created. A big difference could be noticed in the computational
budget. MDG2 needs again 56 FEs but CA uses 675 in every considered
run. This is approximately 10 times higher, maybe this difference plays a
role with a higher number of variables in the empirical analysis. The groups
of LSMOP9 are more complicated. As mentioned above, MDG2 finds false
variable interactions in LSMOP9, compare Table 5.6. The OA methods lead
to a interaction matrix with only zeros, because the interactions occur only in
f2, therefore OA+VS and OA+VA lead to the correct grouping of 10 single
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5.2. Theoretical Analysis

groups. The two OS versions on the other hand consider the interactions and
lead both to four single groups with x2,x3, x24 and x5 and the two groups
{x6, x7, x8} and {x9, x10, x11}. CA on the other hand creates in 5 distinct runs
3 times the correct result. In one run x6 and x8 are grouped together, in
another run x10 and x11. These interactions occur also in the preceding results
of the OS versions. CA needs 663 to 675 FEs to obtain the results. It also
finds some of the false positives which were also detected from MDG2.

LSMOP6 is a problem with a very high number of interactions, see Table 5.6.
The two OS versions form the groups identical to the four subcomponents
of LSMOP (like for LSMOP2). The two OS methods lead to the two groups
{x6, x7, x8} and {x9, x10, x11} and four single groups which contain the remain-
ing variables. CA on the other hand finds quite different groups. In four out
of five runs the groups {x2, x3} and {x4, x5} are found, all other variables are
in single groups. The last run only found the group {x4, x5}. The interactions
of the second variable group (x6 − x11) are not detected although they are
existent in both objective functions, compare LSMOP6 in Table 5.6.

Finally one can say that the OS and OA methods of the TS lead to very differ-
ent results which are both comprehensible. The correctness cannot be mathe-
matically proven because the LSMOP problems do not define correct groups,
only variable interactions per objective. The performance has to be analysed
in the following empirical analysis. MDG2 with the four TS were compared
against the state-of-the-art grouping method CA from LMEA. MDG2 only
needs 56 FEs whereas CA needs up to 675 which is approximately 10 times
more to obtain the groups. The grouping results between the TS and CA
differ. Which method is right cannot be proven. Sometimes MDG2 detects
too many interactions, the four TS create different groupings from this input.
CA seems to find not as much interactions as MDG2 and the TS, for example
in LSMOP6. One can conclude that MDG2 finds more and CA less interac-
tions, but MDG2 and the TS only use only 10 percent of the computational
budget of CA. The following empirical analysis will show if the difference in
the computational budget is a crucial factor for the optimisation of large-scale
problems.
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5.3. Experiment Specifications

The specifications of the empirical experiments are described in this section.
With the information in this section the experiments of this work can be re-
produced.

5.3.1. PlatEMO

The MATLAB Platform for Evolutionary Multi-objective Optimisation
(PlatEMO) [23] in version 1.2 was used in this work to implement and compare
the approaches. PlatEMO is a software suite based on the MATLAB platform
from MathWorks [23]. It was published in January 2017 and contains there-
fore a lot of important and state-of-the-art algorithms for large-scale and multi-
and many-objective optimisation. The main focus of the platform is to enable
researchers to focus on their own research instead of implementing algorithms
from other papers. Both described state-of-the-art algorithms MOEA/DVA
and LMEA are also implemented in PlatEMO.

Test setups with several algorithms and well known problem suites can be
executed in a user friendly way. The code of MOEA/DVA and LMEA was
used and altered to answer the questions of this thesis.

The used PlatEMO implementation of LMEA was changed in one point. The
algorithm checks only after every generation if the maximum number of func-
tion evaluations are reached. In one generation too much FEs can be used.
It appears often that the algorithm uses 130.000 instead of 100.000 FEs while
other algorithms only use up to 1000 more. Additional checks are inserted
in LMEA just to terminate the algorithm when the computational budget is
exhausted.

5.3.2. Test Problems

The two problem suites WFG [9] and LSMOP [4] are used to evaluate the
results. They address different aspects of problem design. The WFG suite has
a parameter to explicitly set the number of position variables [9]. With this
feature the PDG could be tested. LSMOP is a relatively new test suite which
contains more difficult problems than the WFG or other actual ones like DTLZ
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[8] or ZDT [41]. It was explicitly designed for large-scale and many-objective
optimisation and also tackles the interaction of the decision variables directly.
The number of interacting groups can be set with a special parameter, this was
used in the preceding theoretical analysis. Previous problems do not directly
consider the dependence and independence of variables in their development
process. Because of these characteristics it fits perfectly to the topic of this
thesis. Both of them can be scaled with any number of decision variables and
contain nine test instances. The groups of the WFG test suite were analysed
in [12]. The interactions were described as follows:

Table 5.10.: Variable interactions of WFG according to [12]
Problems Interaction Type
WFG1 no
WFG2 sparse
WFG3 sparse
WFG4 no
WFG5 no
WFG6 highly dependent
WFG7 highly dependent
WFG8 highly dependent
WFG9 highly dependent

WFG1, 4 and 5 are considered to have no interactions. The interactions of
WFG2 and 3 are described as sparse, the rest as highly dependent interactions.

5.3.3. Quality Criterions

The goal of multi-objective optimisation is to obtain a set of Pareto-optimal
solutions. A human expert can chose the best solutions from the given ones,
depending on the problem. Two well known metrics to evaluate the results are
considered in this thesis, One which uses the true Pareto-front as information
and one without. The HV [26] and the IGD [36] were used to compare the
results. Two quality criterions are considered to assure the validity of the
results. HV calculates the multi-objective space between the solutions and
and reference point [30]. For a two dimensional problem the union of all
rectangular areas clamped between the solutions and the reference point is
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considered as HV. The IGD metric measures the distance of the solutions to
the Pareto-front [30]:

IGD(X) =

∑
v ∈ PFtrued(v,X)

|PFtrue|
(5.21)

with the non-dominated solutions X and d(v,X) defining the minimum eu-
clidean distance of the solution v to the true Pareto-front. The standard
implementation in the PlatEMO test suite was used.

5.3.4. Experiment Settings

The considered settings for the empirical experiments are described here. In
general all nine instances of the benchmark suites LSMOP and WFG are con-
sidered. The number of queried decision variables are 100, 200 and 500 with
1, 000, 000, 1, 200, 000 and 6, 800, 000 FEs respectively. Queried number of
decision variables describe the number which is given to the test suites, the
real number of decision variables differs from these. The LSMOP problems
generate 6 variables more for each problem, so for 100, 200 and 500 queried
ones 106, 206 and 506 are generated respectively. For the WFG problems the
queried number is the same except for WFG2 and 3 which increase the number
by 1. So the generated decision variables are 101, 201 and 501 for WFG2 and
3. The displayed number in tables describe the number of queried variables
when not otherwise stated.

All experiments are executed with two objective functions. The population
size for all considered EAs is set to 100. For the experiments with 100 and 200

variables 31 independent runs are executed for every algorithm and problem
instance. For experiments with 500 variables 21 runs are executed. The tested
GMs are inserted into the two reference algorithms Ref1 and Ref2. The sub-
component optimisers of both reference algorithms us Differential Evolution as
evolutionary operator which is also the default value of the PlatEMO frame-
work. The parameters for CA are set to nSel = 2, nPer = 4 and nCor = 5.
The parameter nk of the LSMOP test suite is set to 5. The default parameter
which indicates the number of position variables was set to its default value
of 1 in the WFG suite. For all other parameters the default values are taken
from PlatEMO.

68



5.3. Experiment Specifications

5.3.5. Table Specifications

Two kinds of tables are considered in this work. The first one contains the
IGD or HV values for several algorithms and the LSMOP or WFG test suite.
The Wilcoxon ranksum test [27] (equivalent to the well known Mann-Whitney
U-test [14]) is applied in every row against the respective best result of these
row to test the statistical significance, it is assumed for a value of p < 0.05.
The best result is shown in bold, the worst one in italic font. An "o" means
that there is no statistical difference between this results and the best one.
An "-" means that this result is statistically worse then the best one and "*"
indicates that the Wilcoxon ranksum test was not executed because no best
result could be found. The best value is shown with an "r" because it is
the reference value for the significance test. A "- - -" is used when no value
could be created. To get a better overview over the tables, colors are used in
addition. The best result is shown with green background color, results with
no statistical difference to the best one have yellow background, the others
(which have statistically differences) are shown in red. For instance, when a
table consists of a lot of yellow cells, the differences between the algorithms
are not as big as in an table with more red cells. The colors give an overview
about the relations of the tested algorithms at first glance.

The number of executed experiments is very high, the preceding described
tables are depicted in the appendix. The interesting analysed parts are shown
in the evaluation section. To analyse the information from these tables in
the evaluation section, they are compressed in an overall comparison table. 9

problems from the complete table are compressed to one line in the overall
comparison table. The shown number indicates how often the algorithm is
statistically significant better than another one. The algorithm must have the
best result, if this is the case, the solutions which are statistically worse are
counted. A higher number indicates the superiority over other algorithms. A
color range is applied to the table to increase the overview. The range goes
from red to green, and from the lowest to the highest value of the corresponding
table respectively.

Table 5.11 shows an example for a normal table which compares four algo-
rithms A1 to A4 and a test suite with five problems P1 to P5. At the bottom
the generated line for the overall comparison table is shown. A1 has two best
values with each of them is statistically better than all other three algorithms
which leads to a number of 6. A2 performs best in P2 but this result has
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Table 5.11.: Example table with statistically significance check for four exam-
ple algorithms A1 to A4 and five example problems P1 to P5. The
generated line of an overall comparison table is appended at the
bottom.

Problem A1 A2 A3 A4
P1 6.1458e-1(r) 4.9601e-1(−) 3.6197e-1(−) 2.8939e-1(−)

P2 6.4665e-1(−) 6.5026e-1(r) 6.2659e-1(−) 6.0671e-1(−)

P3 —(∗) —(∗) —(∗) —(∗)

P4 6.1816e-1(r) 5.9883e-1(−) 5.5128e-1(−) 5.2841e-1(−)

P5 1.0920e-1(o) 1.0941e-1(o) 1.0992e-1(r) 1.0882e-1(o)

overall: 6 2 1 0

statistically difference to only 2 other algorithms. A3 has one best result and
statistical difference to one other solution (A4) which leads to a 1. The last
one has no best result among the five example problems, this leads to a zero.
With this scheme the comparison tables in the evaluation section are gen-
erated. With these tables an overview about a very wide range of different
parameters can be given, clearly more than with the well known significance
tables.

For every normal table with median HV and IGD values an additional table
which contains the corresponding variation of the 31 or 21 independent runs is
provided respectively. The Inter Quartile Range (IQR) is computed to show
the distribution of the results.

For comparison of the different algorithms some different specifications of the
benchmark problems are considered. The interesting parts are displayed and
discussed in the result and evaluation section. The full tables with the median
HV and IGD values to create the overall comparison tables and the IQR tables
are depicted in the Appendices A to E.
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5.4. Empirical Results

The empirical results are analysed in the following. First the dynamic methods
MRAND and MDELTA are analysed among themselves to find appropriate
versions of SX and NX. Several parameter tests are carried out to check which
group sizes or numbers perform best. The results of MRAND are given in
Subsection 5.4.1, the ones from MDELTA in Subsection 5.4.2. After that they
are compared against each other in Subsection 5.4.3. The next Subsection 5.4.4
deals with the empirical results of MDG2 with the four TS which are compared
among each other. In the last Subsection 5.4.5 an overall comparison of the
GMs is given. The trivial methods G1 and GN are also considered in this
comparison. When possible, the theoretical results which were determined
before are connected to the empirical ones.

5.4.1. Multidimensional Random Grouping

This subsection is a comparison of the parameters for the multidimensional
random grouping approach. Random approaches were used before an intelli-
gent analysis of variable interactions was introduced. The main drawback of
random approaches is that the group-size or the number of groups has to be
specified beforehand.

To assure a fair comparison and to study the influence of group sizes, a lot of
experiments were executed. An overview over a great number of problems is
given to assure that the parameters are universally valid and not only on some
specific problems. The complete used information is shown in the Appendix
(Tables A.9 to A.16). The information of the eight tables is combined in the
overall comparison Table 5.12. All eight versions (four SX and four NX) are
compared against each other. Results are shown for both, 100 and 200 decision
variables, Ref1 and Ref2, LSMOP and WFG, and both quality measures IGD
and HV.

All nine test problems of the two test suites LSMOP and WFG are considered.
The theoretical maximal best value and would be 3 ∗ 9 = 27, because one
version can be statistically better than the other three in all nine test problems.
For instance, the upper left value 19 shows that the MRAND version S2 was
statistically better than 19 other results of the SX version group (S5, S20 and
S50) for 100 decision variables, the Ref1 algorithm on all nine instances of
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the LSMOP test suite considering the median IGD values. Mention that the
four SX and NX versions are just compared against each other respectively,
so an SX version was just compared against the three other SX counterparts,
the same applies to the NX versions. A comparison of the best SX and NX
versions against each other is given in Subsection 5.4.3.

Table 5.12.: Overall comparison of MRAND
S2 S5 S20 S50 N2 N5 N20 N50

n
=

10
0

Ref1

LSMOP IGD 19 0 0 0 0 0 2 14
HV 15 2 0 0 0 0 2 14

WFG IGD 0 3 5 7 1 1 8 2
HV 0 3 6 9 1 1 7 3

Ref2

LSMOP IGD 19 0 0 3 6 0 0 16
HV 12 3 4 3 3 3 3 9

WFG IGD 0 3 5 7 7 7 3 0
HV 0 3 6 9 13 4 2 0

n
=

20
0

Ref1

LSMOP IGD 18 2 0 0 0 0 3 18
HV 17 0 0 2 0 0 0 18

WFG IGD 7 6 0 0 0 0 2 9
HV 3 8 1 0 0 0 2 11

Ref2

LSMOP IGD 12 7 0 2 0 5 3 14
HV 12 6 2 2 3 5 3 12

WFG IGD 0 3 2 14 11 5 3 3
HV 2 0 4 16 14 4 0 3

When comparing the results of the two quality criteria IGD and HV against
each other, no notable differences can be noticed. However, when comparing
the results of LSMOP against WFG in general, it is obvious that for the
LSMOP problems often a superior SX and NX version can be determined. S2
and N50 are often superior against the other, this means that small groups are
maybe better in general for the LSMOP problems because S2 and N50 lead to
the smallest groups in their respective version group.

When we take a look at WFG, the results of the eight versions are in general
more distributed than for LSMOP. For LSMOP there is often a superior
version, for WFG there is also often a best one, but not as explicit as in
LSMOP. For instance when comparing the first four rows and columns, it
is clear that for LSMOP S2 is the best version with an IGD value of 19 and
HV of 15. S5 achieves a HV value of 5, but all other five values are zero.
In contrast for WFG, S50 seems to be the best version, but with an smaller
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IGD of 7 and HV of 9. This schema can often be noticed when comparing the
two test suites against each other. Small groups seem to be more efficient for
LSMOP problems. S2 and N50, which produce the smallest groups, are often
clearly the best ones. In WFG, bigger groups lead to better results, here S50
and N2 are best which led to bigger groups, except Ref1 with n = 200 where
smaller groups are better. Furthermore the results are more distributed than
for LSMOP.

Major differences between 100 and 200 variables are can not be noticed. This
indicates that all eight versions (the good and bad ones) are stable with vary-
ing number of decision variables. When directly comparing the two reference
algorithms with each other, no big differences can be noticed. This shows that
the found groups are the major reason for the performance and not the used
optimisation procedure.

In general one can say that often extreme group sizes (very big or very small)
lead to good results considering a random grouping approach. Versions which
create moderate or non-extreme groups sizes like S5, S20, N5 and N20 are
outperformed in most cases. LMSOP often works better with small groups,
WFG with big ones. This illustrates the main problem of the random approach,
that the group size have to be specified before. A general good working size
cannot be determined and depends on the considered test problems. Due to
the fact that new algorithms should not designed with respect to one specific
set of problems but on an more general purpose, an universal statement which
group size is better can not be made. This illustrates again the major drawback
of random approaches, the predefined group size or number: we have to define
the group size before we know which test suite and problems are considered to
assure a fair comparison.

5.4.2. Multidimensional Delta Grouping

In this section an overall comparison of MDELTA is given. As can be seen in
Table 5.13, the results are very similar to the ones from MRAND (compare
Table 4.1). The reason for this might be the same structure of SX and NX
versions. The size of the group has also had a major influence on the grouping
result, like in MRAND. The results of the two tables are very similar, ignoring
some outliers, so the influence of group sizes for a totally random approach
and an approach which uses a little bit of information from the problem seems
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to be the same. The results say nothing about the actual performance (IGD
and HV values) which is given in the next section.

Table 5.13.: Overall comparison of MDELTA
S2 S5 S20 S50 N2 N5 N20 N50

n
=

10
0

Ref1

LSMOP IGD 16 0 0 0 0 0 0 17
HV 15 2 0 0 0 0 0 17

WFG IGD 2 8 0 0 0 0 9 2
HV 3 8 2 0 0 1 9 2

Ref2

LSMOP IGD 20 0 0 1 2 0 0 17
HV 12 4 5 0 2 5 3 10

WFG IGD 0 9 6 8 5 5 5 0
HV 0 6 9 8 10 6 4 0

n
=

20
0

Ref1

LSMOP IGD 17 0 0 0 0 0 0 17
HV 17 0 0 0 1 0 0 15

WFG IGD 6 6 0 0 0 0 0 12
HV 5 6 2 0 0 0 3 12

Ref2

LSMOP IGD 12 5 2 0 0 6 3 9
HV 9 5 5 0 3 7 3 7

WFG IGD 0 4 1 12 10 5 4 2
HV 0 3 3 15 14 3 2 2

Considering this table one aspect is more clear than in the results of MRAND
in Table 5.12, that is the difference between the two reference algorithms.
Ref1 seems to work better with smaller groups for both of the problem suites.
Comparing the reference algorithms by means of LSMOP, both perform better
with smaller groups, but for Ref2 the results are more wide-spread, while for
Ref1 the other methods have zeros in most of the cases.

More interesting than the previous point is the comparison by means of the
WFG test suite. Ref1 prefers smaller groups in general, but not the smallest.
For n = 100 and Ref1 the best methods are S5 and N20 and not the ones which
lead to the smallest groups (S2 and N50). Ref2 on the other hand produces
better results with bigger groups, with n = 200 Ref2s best variants are S50
and N2. This shows that different groupings work better together with specific
optimisation methods. If a grouping (MDELTA+S2) works well together with
an optimisation algorithm (Ref1), this does not mean that the grouping has a
good quality in general an can also be used with another optimisation algorithm
(Ref2). Good results in the first two lines of Table 5.13 show a good quality
of a combination of an algorithm and a grouping, and not only the grouping.
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Only considering one reference algorithm, for instance Ref1, would have led
to misleading results because smaller groups would be considered as generally
better. This finding supports the choice of several different test specifications.

Table 5.14.: Median HV values of Ref1 with MDELTA and the four SX meth-
ods on the LSMOP test suite with 200 decision variables and
1, 200, 000 FEs

Problem MDELTA+S2 MDELTA+S5 MDELTA+S20 MDELTA+S50
LSMOP1 6.1458e-1(r) 4.9601e-1(−) 3.6197e-1(−) 2.8939e-1(−)

LSMOP2 6.5026e-1(r) 6.4665e-1(−) 6.2659e-1(−) 6.0671e-1(−)

LSMOP3 —(∗) —(∗) —(∗) —(∗)

LSMOP4 6.1816e-1(r) 5.9883e-1(−) 5.5128e-1(−) 5.2841e-1(−)

LSMOP5 1.0920e-1(o) 1.0941e-1(o) 1.0992e-1(r) 1.0982e-1(o)

LSMOP6 2.1413e-3(r) —(−) —(−) —(−)

LSMOP7 —(∗) —(∗) —(∗) —(∗)

LSMOP8 2.4977e-1(r) 1.6710e-1(−) 1.0985e-1(−) 1.0988e-1(−)

LSMOP9 6.7764e-1(r) 6.4539e-1(o) 5.3773e-1(−) 4.5550e-1(−)

Table 5.14 shows median HV values of MDELTA+SX with Ref1 on the
LSMOP test suite with 200 variables (the first four values of row 10 in the
overall comparison Table 5.13). The median values of these runs (except for
LSMOP3,6 and 7 because HV was not achieved by all algorithms) are shown
in Figure 5.2.

The HV values and convergence plots follow the same trend. First of all, the
convergence plots show that MDELTA+S2 is clearly the best, but also that the
others are not equally worse, which one can think by only looking at the overall
comparison in Table 5.13. The overall table compares the best one against
all other ones, but it does not compare the weaker ones against each other.
LSMOP1,2,4,8 and 9 have the same structure, in all of them MDELTA+S2 is
the best one, followed by S5, S20 and S50. The performance decreases with
a growing group size. The trend becomes clear after approximately 100, 000

or 200, 000 function evaluations, and not only after the full 1, 000, 000 FEs.
This trend is present in fully separable functions like LSMOP1 and 9, which
is comprehensible, partially separable functions (LSMOP2) and mixed ones
(LSMOP4 and 8). The small groups are better in this case regardless of the
interactions between variables.

In LSMOP5, the approaches start relatively late to generate hypervolume, but
reach the optimum fast after approximately 200, 000 FEs. This leads to a
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(a) LSMOP1 (b) LSMOP2

(c) LSMOP4 (d) LSMOP5

(e) LSMOP8 (f) LSMOP9

Figure 5.2.: Convergence plots of the median HV values of Ref1 with MDELTA
and the four SX methods on the LSMOP test suite with 200 de-
cision variables and 1, 200, 000 FEs, shown in Table 5.14
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sigmoid shaped graph for all algorithms, see Subfigure 5.2(d). This plot can
be observed often for LSMOP5 with different algorithms, grouping methods
and parameters. LSMOP5 seems to have a different structure than the other
LSMOP instances.

5.4.3. Comparison of MRAND and MDELTA

The two dynamic methods are compared against each other in this subsection.
The best MRAND and best MDELTA version is determined to compare them
against other methods in the overall comparison in Subsection 5.4.5. To get the
best random and delta grouping, we will first compare the best SX against the
best NX method respectively. After that a comparison of the best MRAND
and MDELTA method is carried out. The results are compressed in Table
5.15. Due to the fact that IGD and HV values were not significantly different
in the preceding tables 5.12 and 5.13, only the IGD value is given in the this
table.

Table 5.15.: Overall comparison of MRAND and MDELTA considering only
IGD values

MRAND MDELTA

M
R
A
N
D

M
D
E
LT

A

M
R
A
N
D

M
D
E
LT

A

S2 N50 S2 N50 S2 S2 N50 N50

n
=

10
0 Ref1

LSMOP 3 0 4 0 1 1 1 1
WFG 2 0 0 0 1 2 0 3

Ref2
LSMOP 4 1 3 1 2 1 2 1
WFG 0 0 1 0 0 1 0 0

n
=

20
0 Ref1

LSMOP 6 0 7 0 1 1 1 1
WFG 1 3 0 3 0 2 0 2

Ref2
LSMOP 4 2 3 3 2 1 3 0
WFG 0 6 0 6 0 0 0 1

S2 and N50 lead not to the same group sizes as described in the concept
in Subsection 4.3.2. 100 decision variables are queried, see Subsection 5.3.4.
LSMOP problems lead to 106 decision variables, 105 distance related ones and
one position variable. This means S2 creates 52 groups of 2 variables and one
group with a single variable. N50 on the other hand creates a maximum of 50

groups. 105/50 = 2.1 which leads to a group-size of 3 to assure same group
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sizes within each of the eight overall strategies and a maximal number of 50

groups. The theoretical group sizes of Subsection 4.3.2 are not reached because
this circumstance.

To compare MRAND against MDELTA, the best SX and NX methods are
compared against each other, which are S2 and N50 for both approaches.
Columns 5 and 6 compares MRAND and MDELTA both with a group-size
of 2 the against each other (S2), columns 7 and 8 compares them with both
50 groups (N50). So the group sizes are the same, the only difference is the
grouping approach, random and delta. The number of statistically significant
differences is quite low with a maximum of 3 for 9 problems per test suite (and
therefore also a maximal number of 9). The general performance of MRAND
and MDELTA seems to be quite equal. For most of the problems no difference
between the two approaches can be determined, but the differences occur on
the same problem instances repeatedly. The pattern that MDELTA is better
on LSMOP2 and MRAND is better on LSMOP4 occurs in 6 out of 8 cases.
To check this behavior, Table 5.16 shows the results for n = 200, Ref1 for
LSMOP and the four algorithms. The first two and last two columns are
tested against each other. The absolute differences between the results are not
big but statistically significant and occur in 6 out of 8 cases in which MRAND
is compared against MDELTA. Two of these cases are shown in the table,
n = 100 with Ref1 on LSMOP.

Table 5.16.: IGD values of Ref1 with MRAND+S2 against MDELTA+S2 and
MRAND+N50 against MDELTA+N50 on LMSOP with 100 de-
cision variables and 1000000 function evaluations

Problem MRAND+S2 MDELTA+S2 MRAND+N50 MDELTA+N50
LSMOP1 3.5644e-2(o) 3.5625e-2(r) 6.2296e-2(o) 5.7086e-2(r)

LSMOP2 3.5003e-2(−) 3.1553e-2(r) 3.7551e-2(−) 3.5458e-2(r)

LSMOP3 9.6557e-1(r) 1.0098e+0(o) 1.0425e+0(r) 1.0579e+0(o)

LSMOP4 4.9708e-2(r) 6.0935e-2(−) 5.1230e-2(r) 6.8732e-2(−)

LSMOP5 4.7698e-1(r) 6.2532e-1(o) 7.3897e-1(r) 7.4209e-1(o)

LSMOP6 7.3005e-1(o) 6.9817e-1(r) 7.4366e-1(o) 7.4347e-1(r)

LSMOP7 1.3473e+0(r) 1.3495e+0(o) 1.3463e+0(r) 1.3494e+0(o)

LSMOP8 1.3515e-1(o) 1.2810e-1(r) 1.4120e-1(r) 1.4697e-1(o)

LSMOP9 4.8592e-1(r) 5.1701e-1(o) 5.5040e-1(o) 5.0566e-1(r)

The differences on LSMOP2 and 4 are clear. That in all other problems the
performance remains the same (regarding the statistically significance), show
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that MRAND and MDELTA seem to have small but commensurable differ-
ences. Something in the problem structure of LSMOP2 (partially separable)
and LSMOP4 (mixed) causes the difference.

In general the considered multi-objective approaches for the random and delta
grouping have very similar performance along the compared versions (SX and
NX) and the different considered test cases. Both are dynamic methods which
do not use FEs to create the grouping. MDELTA analyses the absolute changes
in the considered decision variables and creates the groups depending on the
size of the change. This additional information does not really help the algo-
rithm to perform better than the corresponding random grouping. However,
it does not degrade the result quality and does not use additional FEs. There-
fore the approaches can be considered as equal regarding the performance. The
repeated pattern for LSMOP2 and 4 seem to have special properties which in-
dicate that there are differences in the approaches, but these differences are
not present in any other problem and can be omitted when giving a general
overview.

5.4.4. Transfer Strategies with MDG2

In this Subsection the four Transfer Strategy are compared against each other.
The comprehensive results are compared against each other in the same way
like in the preceding subsections and also for n = 500 decision variables. After
that, some results are analysed in more detail.

Table 5.17 shows the results of MDG2 with the four different TS. The first
aspect which attracts attention are the relatively low values compared to
MRAND and MDELTA (Tables 5.12 and 5.13). The values from the overall
comparison of MRAND and MDELTA scale between 0 and 20, in the actual
table between 0 and 10. The theoretic maximal value would be 9 ∗ 3 = 27 for
the nine considered problem instances per test suite and 3 other algorithms.
The lower values indicate that the results of the four TS have less statistical
different results than the four MRAND and MDELTA versions.

The reason for the lower values is that in the results, no clear best version
could be determined. Also the differences between the results are more often
not statistically relevant. In contrast to MRAND and MDELTA in which
best versions (smallest and biggest groups) could be determined very clearly,
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Table 5.17.: Overall comparison of DG2 and the four TS
OS+VS OS+VA OA+VS OA+VA

n
=

10
0

Ref1

LSMOP IGD 0 1 5 4
HV 0 0 4 6

WFG IGD 0 3 0 2
HV 0 3 0 1

Ref2

LSMOP IGD 1 0 2 7
HV 3 1 2 2

WFG IGD 1 5 0 2
HV 2 4 0 2∑

100 7 17 13 26

n
=

20
0

Ref1

LSMOP IGD 1 4 2 6
HV 1 0 2 6

WFG IGD 0 1 1 2
HV 0 3 1 0

Ref2

LSMOP IGD 3 3 2 2
HV 8 0 2 2

WFG IGD 0 0 0 4
HV 0 0 0 2∑

200 13 9 10 24

n
=

50
0

Ref1

LSMOP IGD 2 0 6 6
HV 2 0 6 4

WFG IGD 0 2 1 2
HV 0 0 1 4

Ref2

LSMOP IGD 0 2 12 0
HV 2 3 7 0

WFG IGD 0 0 0 2
HV 1 0 0 3∑

500 7 7 31 17∑
100+

∑
200+

∑
500 27 33 54 67
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here no such clear best versions can be traced. Comparing in general the four
TS over all test instances, and counting the overall dominated other values,
OA+VA is the best one with 67, followed by OA+VS with 54, OS+VA 33 and
OS+VS with 27. The values give an overview about the performance when
comparing the four algorithm with each other. It describes the average overall
performance considering all executed experiments. The performance differs
strongly between the considered test suites, reference algorithms and number
of decision variables. For instance, for 200 decision variables the OS version
OS+VS is with a value of 13 superior to OS+VA (9) and OA+VS with (10).

As depicted in Subsection ??, the TS are ordered using their theoretical group
size. OS+VS tends to bigger groups, and OA+VA to smaller ones. Small
groups seem to work better in general, when considering the group-size. The
TSO versions seem to have a greater impact on the results, the OS methods
have overall values of 27 and 33, the OA methods 54 and 67 which equals a
difference of only 6 and 13 respectively. This illustrates that the TSO methods
have a bigger influence on the results than TSV, which is quite logical because
TSO is the first step of the combined TS and creates the basis for the TSV
methods. When comparing the two TSV methods VA lead to better results for
both TSO methods with values of 33 against 27 in the OS case and 67 against
54 for OA.

This finding shows that the central question of this work (how to transfer
grouping approaches to the multi-objective case) is not trivial and that the
quality of the results differ. OA seems to work better in general but OS has
also some cases in which it is superior to OA. A simple answer to the question
how the information of several objectives should be combined cannot be given.
In the following, the behaviour of the methods is analysed in detail.

When comparing the results of the two reference algorithms with each other,
structural differences between them can be noticed. The results of Ref1 are
more stable along the differing number of decision variables like the ones from
Ref2. It produces differing results for varying number of variables. Ref1 leads
for LSMOP in general to good results for OA methods in contrast to OS.
Considering WFG, the results are quite mixed where no clear best method can
be determined from the compressed results in Table 5.17. Ref2 on the other
hand has also clear best methods for the LSMOP, but this changes with an
altered number of decision variables, the results does not depend on TSO like
for Ref1. Also a difference between the HV and IGD values can be noticed
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which is maybe an indicator for unstable results. For n = 100 the two OA
methods perform better, for n = 200 the results are quite mixed. However for
n = 500 OA+VS is clearly the best method with a IGD indicator of 10 and
HV of 7, but in contrast to the results of Ref1, the other OA method performs
worst of all four, with both zero dominated results. OS+VS has also very weak
performance, the TSO and nor the TSV are therefore crucial for the results
like in Ref1, but a specific combination of the two steps. A deeper insight in
this results are given in the following.

The differences between the two reference algorithms show that the result
does not depend on the grouping alone but also on the optimisation process of
the found groups. The results further indicate that for different optimisation
processes, different groups are effective. There is no best grouping which gains
superior results together only with the best optimisation process. Not every
grouping seem to work together with every optimisation process, they have
to stick together. Both of them should therefore be coordinated with each
other. Just because a grouping works good with a specific algorithm, this does
not mean it works together with another. The two parts should be developed
together and not independent from each other to achieve better results.

To analyse in more detail, the differences between OA and OV, some LSMOP
problems from the first reference algorithms are analysed further.

Table 5.18.: Median IGD values for Ref1 with MDG2 and the four TS for the
LSMOP test suite with 100 decision variables and 1, 000, 000 FEs

Problem OS+VS OS+VA OA+VS OA+VA
LSMOP1 1.3749e-2(o) 1.3550e-2(r) 1.4594e-2(o) 1.5101e-2(o)

LSMOP2 4.2302e-2(−) 4.2361e-2(−) 2.7792e-2(r) 2.8625e-2(o)

LSMOP3 9.5886e-1(−) 8.9326e-1(−) 5.9298e-1(r) 6.0404e-1(o)

LSMOP4 1.4990e-1(−) 1.4602e-1(−) 5.7010e-2(o) 5.4147e-2(r)

LSMOP5 4.7878e-1(o) 6.5130e-1(−) 4.3436e-1(r) 5.1016e-1(o)

LSMOP6 7.3982e-1(−) 5.9514e-1(r) 6.8864e-1(o) 7.2588e-1(o)

LSMOP7 1.2873e+0(r) 1.3063e+0(o) 1.5162e+0(o) 1.3345e+0(o)

LSMOP8 9.3913e-2(o) 9.2113e-2(r) 9.4772e-2(o) 9.3089e-2(o)

LSMOP9 5.9746e-1(−) 6.3058e-1(−) 4.8033e-1(o) 4.7855e-1(r)

Table 5.18 shows the results for the LSMOP test suite. Here the finding of
the preceding overall comparison is supported. TSO is crucial for the results.
OA methods are significantly better than the OS methods. In 5 cases the OA
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methods are significantly better OS methods. In the cases in which OS perform
better (LSMOP1,6,7 and 8) there is no significance difference between the best
results and the two from OA. This shows the general better performance of OA
methods. This is interesting because in the state-of-the-art grouping methods
from MOEA/DVA and LMEA an interaction in a single objective function is
sufficient like in the OS methods. Maybe the results of these grouping methods
can be improved by considering only interaction which occur in every objective
function like OA.

Figure 5.3.: Convergence plot of the median IGD values of Ref1 with MDG2
and the four TS, 100 decision variables and 1, 000, 000 FEs for
LSMOP4, given in Table 5.18

Figure 5.3 shows the convergence plot of the IGD values for LSMOP4 of 5.18.
The difference is small (IGD values range from 0.05 to 0.35) but clear. The
OA methods (cyan and red) perform better than the OS methods (yellow and
magenta). TSV seems not to make a big difference, the two OS and OA
methods seem to stick together respectively. The graphic visualises the trend
which was identified before.

In general one can say that OA methods lead to better results but the results
are not very robust. The optimisation algorithms had great influence on the
results. With Ref2 the OS methods are sometimes better or equal to the OA
methods. This supports the observation of MRAND and MDELTA, namely
that the optimisation process and the grouping have to be coordinated to
perform well. The results differ also considering with changing number of
decision variables from 100 to 500.
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5.4.5. General Comparison

In this subsection an overall comparison of the considered grouping methods
is carried out. The considered GMs are namely Correlation Analysis (CA)
from LMEA, MDG2 with the four TS, the best delta and random groupings
(MRAND+S2 and MDELTA+S2), and the trivial methods GN and G1. Be-
cause the focus of this work lies on the TS, all four of them and not only the
best one is compared against each other. This leads to 9 algorithms in total.
Only the HV values are considered for the overall comparison, the IGD values
are in most cases the same and do not deliver additional information.

Table 5.19.: General Comparison of the nine final grouping methods, only HV
values

MDG2
M
R
A
N
D

M
D
E
LT

A
OS OA

VS VA VS VA S2 S2 GN G1 CA

n
=

10
0 Ref1

LSMOP 5 0 9 7 8 0 5 0 2
WFG 5 1 5 4 8 0 12 8 0

Ref2
LSMOP 7 10 0 0 7 11 8 0 0
WFG 0 12 0 3 0 0 8 32 6∑

100 17 23 14 14 23 11 33 40 8

n
=

20
0 Ref1

LSMOP 4 0 0 6 5 0 13 8 0
WFG 3 5 6 0 3 4 15 8 0

Ref2
LSMOP 23 0 0 9 8 0 0 7 2
WFG 0 4 10 0 0 0 8 38 0∑

200 30 9 16 15 16 4 36 61 2

n
=

50
0 Ref1

LSMOP 9 0 8 6 10 0 6 7 0
WFG 0 3 6 9 0 6 6 13 0

Ref2
LSMOP 7 8 9 3 16 0 0 8 0
WFG 0 5 5 0 0 0 8 42 0∑

300 16 16 28 18 26 6 20 70 0∑
100+

∑
200+

∑
300 63 48 58 47 65 21 89 171 10

Table 5.19 shows the HV values for the nine considered algorithms for both
LSMOP and WFG and both reference algorithms, 100, 200 and 500 decision
variables. When looking at the overall comparison, some patterns become
visible. The first is the general distribution of the numbers. There is no
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superior GM which is clearly the best one. The portion of zeros is lower than
in the preceding tables, this shows that even the weaker algorithms perform
sometimes statistically better than the others. What should be kept in mind
is that the combination of Ref1 and CA is equivalent to the original LMEA
algorithm. The results of the new methods can therefore be compared to an
actual state-of-the-art approach.

The first interesting fact that attracts attention is the bad performance of CA,
with only 10 superior solutions in total, and the good performance of the trivial
solutions GN and G1 with 93 and 152 superior results respectively. The main
reason for this is the high computational budget used by CA, this becomes
visible when considering the later described figures.

When comparing the two reference algorithms against each other, Ref2 often
has the best results with G1 (32, 38 and 30) which is a very high number
of statistically dominated solutions. Ref1 on the other hand performs better
together with GN, which is the other extreme. The finding of the preceding
subsections is supported, where Ref1 works better with smaller groups and
Ref2 with bigger ones. With the two extreme versions G1 and GN, this effect
gets even stronger.

Comparing the results of the two test suites, in general they assure similar
results, except for G1 where the difference is very high 32 to 0 for n = 100

and Ref2. In general one can say (when considering the trivial methods) that
LSMOP works better with GN and WFG better with G1.

Table 5.20.: Median HV values for the nine algorithms for Ref1, 200 decision
variables and 1, 200, 000 FEs for the LSMOP test suite
P OS+VS OS+VA OA+VS OA+VA

1 6.6684e-1(o) 6.6465e-1(−) 6.6580e-1(o) 6.6653e-1(o)

2 6.3375e-1(−) 6.3435e-1(−) 6.5377e-1(o) 6.5478e-1(r)

3 —(∗) —(∗) —(∗) —(∗)

4 5.3563e-1(−) 5.3299e-1(−) 6.2532e-1(o) 6.2689e-1(o)

5 1.0897e-1(−) 1.0909e-1(−) 1.0868e-1(−) 1.0901e-1(−)

6 —(−) —(−) 3.2601e-3(o) —(o)

7 —(∗) —(∗) —(∗) —(∗)

8 3.1538e-1(r) 3.1448e-1(o) 3.1351e-1(o) 3.1470e-1(o)

9 5.8259e-1(−) 5.6038e-1(−) 6.8503e-1(o) 6.8915e-1(o)

P MRAND+S2 MDELTA+S2 GN G1 CA

1 6.1394e-1(−) 6.1458e-1(−) 6.6723e-1(r) 2.8803e-1(−) 6.5224e-1(−)

2 6.4892e-1(−) 6.5026e-1(−) 6.5304e-1(o) 5.7362e-1(−) 6.3097e-1(−)

3 —(∗) —(∗) —(∗) —(∗) —(∗)

4 6.2738e-1(r) 6.1816e-1(−) 6.2652e-1(o) 5.0098e-1(−) 5.9941e-1(−)

5 1.0929e-1(−) 1.0920e-1(−) 1.0912e-1(−) 1.0998e-1(r) 1.0853e-1(−)

6 1.1120e-2(o) 2.1413e-3(o) 2.4416e-2(r) —(−) —(−)

7 —(∗) —(∗) —(∗) —(∗) —(∗)

8 2.5841e-1(−) 2.4977e-1(−) 3.1335e-1(o) 1.1000e-1(−) 3.0907e-1(−)

9 6.7104e-1(o) 6.7764e-1(o) 6.9623e-1(r) 2.4044e-1(−) 6.4859e-1(−)
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(a) LSMOP1 (b) LSMOP2

(c) LSMOP4 (d) LSMOP5

(e) LSMOP8 (f) LSMOP9

Figure 5.4.: Convergence plots for the Median HV values of the nine algorithms
for Ref1, 200 decision variables and 1, 200, 000 FEs on the LSMOP
test suite, shown in Table 5.20
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To get a better insight in the results, Table 5.20 shows the median HV values
for Ref1, n = 200 and the LSMOP test suite. The Figures 5.4 show the conver-
gence plots for the data in the table. The plots for LSMOP3 and 7 are omitted
because no HV could be achieved by any of the algorithms, LSMOP6 is ex-
cluded because only three three algorithms achieve very low and no expressive
HV values.

Table 5.20 was selected because it represents an average row of the overall
comparison table. One can clearly see that Ref1 works very good together
with very small groups like GN and MDG2 with OA. An outlier is LSMOP5
where the other exteme grouping G1 leads to the best result and any other
solutions are statistically worse. This is interesting because in the theoretical
analysis it was found that LSMOP5 has no variable interactions and is fully
separable.

Another interesting fact is that CA produces no best result and has in any
case statistically difference to the best one. One reason for this becomes vis-
ible when considering the convergence plots for this results in Figure 5.4. In
any figure one can clearly see that that CA starts very late with the optimi-
sation process and uses a lot of FEs to obtain the variable groups. CA uses
approximately 3 to 5 hundred thousand FEs to obtain the groups which is
very high because there are only 1, 200, 000 FEs available in total. The opti-
misation does not have enough FEs left to catch up to the performance of the
other methods.

When looking at the graphs in general, some patterns become visible. First
of all one can see that the optimisation of several methods stick together dur-
ing the whole optimisation process. This shows that these methods maybe
found the same or similar groups, because the groups are the only difference
between the plots, the optimisation algorithm is with Ref1 always the same.
MRAND+S2 and MDELTA+S2 stick together in every of the six graphs which
is comprehensible and supports the findings from Subsection 5.4.3, that the
results of MRAND and MDELTA are very similar.

The convergence plots of CA does not have anything in common with the other
plots. The same applies to G1 whose performance is in most cases even worse
that the one from CA. The OS and OA methods from MDG2 seem to produce
groups with a similar quality respectively. This can be seen best considering
LSMOP4 and 9 where the OS methods stick together. GN does not stick to
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any other method, it is just in most cases the best one. In most cases, half of
the available FEs are sufficient to show which grouping performs best.

Table 5.21.: Median HV values for the nine algorithms for Ref1, 200 decision
variables and 1, 200, 000 FEs for the WFG test suite
P OS+VS OS+VA OA+VS OA+VA

1 6.0500e-1(−) 6.2606e-1(−) 6.5210e-1(−) 6.4523e-1(−)

2 6.1291e+0(o) 6.1292e+0(r) 6.1275e+0(o) 6.1277e+0(o)

3 5.6272e+0(o) 5.6275e+0(o) 5.6283e+0(r) 5.6264e+0(−)

4 3.3604e+0(−) 3.3613e+0(o) 3.3605e+0(−) 3.3604e+0(−)

5 2.9833e+0(r) 2.9826e+0(o) 2.9827e+0(o) 2.9826e+0(o)

6 3.3268e+0(o) 3.3252e+0(−) 3.3252e+0(o) 3.3270e+0(o)

7 2.4635e+0(o) 2.4575e+0(o) 2.4186e+0(−) 2.4857e+0(o)

8 3.0750e+0(−) 3.1760e+0(−) 3.0814e+0(−) 3.1725e+0(−)

9 1.9976e+0(−) 2.0367e+0(−) 1.8903e+0(−) 2.0011e+0(−)

P MRAND+S2 MDELTA+S2 GN G1 CA

1 1.3132e+0(−) 1.5267e+0(−) 6.5965e-1(−) 2.1428e+0(r) 4.8345e-1(−)

2 5.8528e+0(−) 5.8955e+0(−) 5.1615e+0(−) 5.3884e+0(−) 6.0764e+0(−)

3 5.3696e+0(−) 5.3971e+0(−) 4.6879e+0(−) 4.8996e+0(−) 5.5792e+0(−)

4 3.3616e+0(r) 3.3612e+0(o) 3.3610e+0(o) 3.3613e+0(o) 3.3612e+0(o)

5 2.9801e+0(−) 2.9812e+0(o) 2.9830e+0(o) 2.9798e+0(−) 2.9808e+0(−)

6 3.3268e+0(o) 3.3282e+0(r) 3.3275e+0(o) 3.3267e+0(o) 3.3254e+0(−)

7 2.6022e+0(o) 2.6686e+0(r) 2.4639e+0(−) 2.4911e+0(o) 2.4343e+0(o)

8 3.1166e+0(−) 3.1231e+0(−) 3.2060e+0(r) 2.9180e+0(−) 2.9277e+0(−)

9 2.5635e+0(−) 2.7313e+0(o) 2.8428e+0(r) 1.9892e+0(−) 2.0643e+0(−)

To compare the previous results for the WFG test suite, a table and figures
for the same number of decision variables 200, reference algorithm Ref1 and
performance metric HV are given in Table 5.21 and the corresponding Figures
5.5 and 5.6.

Despite the fact that the two lines for the LSMOP and WFG test suite seem
to look quite similar in the overall comparison Table 5.19, the Tables 5.20 and
5.21 have notable differences.

The performance of the four MDG2 versions is relatively equal, either three or
four of them have good results (WFG2,3,5,6 and 7) or all of them have worse
results (WFG1,8 and 9). There is no split between TSO unlike LSMOP where
OA methods perform better than their OS counterparts. This supports the
finding that WFG prefers in general bigger groups than LSMOP.

The trivial methods GN and G1 have similar performance like for LSMOP.
CA also have similar performance, again no best result could be achieved. The
convergence plots help to understand the emergence of the results. Comparing
the figures for LSMOP against WFG, the first general difference which catches
the eye is the fast convergence of the algorithms to their optimum. In Figures
5.4 the best algorithm was clear after half of the available FEs, but the HV
value increases in the most of the plots continuously till the end (except for
LSMOP5). In the the WFG test suite the algorithms reach their optimum
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(a) WFG1 (b) WFG2

(c) WFG3 (d) WFG4

(e) WFG5 (f) WFG6

Figure 5.5.: Convergence plots for the median HV values considering the nine
algorithms with n = 200, Ref1 and WFG1 - 6, given in Table 5.21
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(a) WFG7 (b) WFG8

(c) WFG9

Figure 5.6.: Convergence plots for the median HV values considering the nine
algorithms with n = 200, Ref1 and WFG7 - 9, given in Table 5.21
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often after approximately 500, 000 FEs, see WFG2,3,4,5,6 and 8. After that,
the HV values make no notable changes. The HV values are very good, with
a median HV from approximately 3 to 6. This shows that the LSMOP test
problems are, in general, more difficult than the ones from the WFG test suite.

In WFG4, 5 and 6 the plots are similar, except for CA whose optimisation
starts later, but it can catch up to the others. WFG2 and 3 provide similar
plots. One can see clearly that GN performs worst, followed by G1, the two
dynamic methods MRAND+S2 and MDELTA+S2. CA and the four MDG2
versions perform best. It is interesting that WFG2 and 3 are the only ones from
the test suite which have sparse interactions according to [12], see Subsection
5.3.2. This might be the reason why GN and G1 have had bad performance,
because none of their grouping approaches represent sparse interactions, only
fully (G1) or no interactions (GN).

WFG1, 4 and 5 have no interactions, the theoretical correct grouping would
be n single groups, so GN creates the correct groups. But GN never achieves
the best result considering these three problems, see Table 5.21. For WFG1
the counterpart G1 achieves the best results, followed by MDELTA+S2,
MRAND+S2, the four MDG2 versions, GN and CA. The fact that G1, which
is the other extreme than GN, lead to the best results, show that in this case,
the theoretical correct groups are not useful for optimisation. In the plots
of WFG4 and 5 all algorithms reach their optimum very fast, no similarities
between these both and WFG1 can be seen.

The last category are WFG6,7,8 and 9 which have highly dependent inter-
actions according to MOEA/DVA. MDELTA+S2 performs best for WFG6
and 7, but the majority of the other results are not statistically worse. For
WFG8 and 9 GN performs best, in both cases only one result has no signifi-
cant difference to the best one, which is the one from MRAND+S2 for WFG9.
This can also be seen in the corresponding plot, see Figure 5.6 WFG9. All
four problems have highly dependent interactions which should lead to bigger
groups, but GMs which lead to small groups stiller perform better. Again the
theoretical correct groups seem not to be useful for optimisation.

All the differences inside the three classes with no interactions, sparse and
highly dependent interactions of the WFG suite show that the variable inter-
actions may not influence the structure of the problem as strong as excepted.
There are few connections between the interaction structure and the conver-
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gence and results of the problems. Often the exact opposite of the theoretical
correct grouping lead to the best results.

In conclusion of the general comparison, one can say that the trivial GMs per-
form in a lot of cases very good. The other results are very mixed, sometimes
a MDG2 version is better, sometimes a dynamic grouping approach. Only
CA lead to constantly very bad results because of the great amount of FEs to
create the variable groups. But also in the WFG test suite, where enough FEs
available after the grouping phase, it can often not catch up to the results of
the others.

The TS methods lead, in nearly all cases, to better results than the state-
of-the-art GM CA from LMEA. The four methods have in general similar
performance than MRAND+S2 when considering the overall comparison Table
5.19, but perform worse than the the trivial methods GN and G1.

When looking at the TS, the split between OA and OS methods is only noticed
when considering the LSMOP test suite, it does not occur in the WFG prob-
lems. The TSO combine the interactions of both objective functions. The two
methods lead for LSMOP to different results because the interactions differ
among the objectives, compare the theoretic evaluation in Subsection 5.2.3.
That there is no split between the TSO methods in WFG can indicate there-
fore that the interactions are the same for all two objective functions. This is
an interesting result which shows some thing of the internal structure of the
WFG test suite.

Another point that becomes clear during the whole evaluation is the relatively
good performance of the trivial methods. An explanation for this might lie in
the optimisation processes of Ref1 and Ref2 itself. Ref1 works better with
small groups like GN and Ref2 better with big ones. One cannot say that
a grouping is good, is has to be seen together with the optimisation process.
Therefore no overall best groups can be determined which will work together
with any other optimisation process.

The state-of-the-art algorithm LMEA, which is equal to Ref1 with the CA,
is outperformed by all other methods. The main reason for this is the high
number of FEs used to create the groups, it cannot catch up to the other results
in the later optimisation. But also in the WFG problems where enough FEs
are available, is is outperformed in most of the cases by the other methods.
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5.5. Result Summary

In this section the results, the most important findings are summarised. A
theoretic and empirical evaluation was carried out to analyse the different
GMs in the environments. The questions from the beginning of this chapter
are answered if possible. These questions were defined in the goals of the
evaluation, see Section 5.1.

1. Do the GMs find the theoretical correct groups?

This question is difficult to answer. The variable interactions of the LSMOP
test suite are defined and were computed, but the interactions differ among the
considered objective functions, because of this, no correct groups of variables
could be determined. MDG2 detects, in most cases, if an interaction between
the variables exist or not per objective. It uses approximately just 10 percent of
the computational budget of the grouping method of Correlation Analysis (CA)
from LMEA. Whether the final groups are correct could not be determined
because this is not defined by the LSMOP test suite, see Subsection 5.2.4.

2. Are the results constant for different optimisation algorithms, benchmark
problems and number of variables?

The different optimisation algorithms affect the empirical performance results.
Two reference algorithms with subcomponent optimisers from state-of-the-art
algorithms were used. A connection between the group-size and the reference
algorithms could be noticed. Ref1 works better with smaller groups, Ref2
better with bigger variable groups. The different test suites LSMOP and WFG
also lead to differing results of the grouping methods. LSMOP prefers smaller
groups and WFG bigger ones. The detection of overall good grouping methods
is difficult because of these dependencies. The decision to execute a very large
amount of experiments with different specifications has paid off. With fewer
experiments for example only with LSMOP and Ref1, the false conclusion
would be that smaller groups are in general better, or bigger ones if only WFG
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and Ref2 were considered. The results are relatively stable for varying number
of decision variables.

3. How do the transferred GMs perform against existing multi-objective
ones?

The third question deals with the performance of the new approaches against
existing ones. The new ones are MDG2 with the four TS, the two dynamic
methods MRAND and MDELTA and the trivial ones G1 and GN. In nearly all
executed experiments the state-of-the-art approach CA was outperformed by
most of the new methods in performance quality and convergence speed. The
combination of Ref1 and CA is equal the state-of-the-art EA LMEA, which
was also outperformed.

4. Are complex approaches better than simple ones?

The fourth question addresses the performance difference of simple approaches
against complex ones. Complex approaches are MDG2 with the four TS and
CA which analyse the interactions of the variables and create groups based
on this interactions. Computational budget for optimisation is used for the
grouping of the variables. The dynamic methods MRAND and MDELTA
do not analyse the variable interactions, but they regroup the variables in
every generation. They are not as complex as the intelligent ones. The trivial
methods are the simplest ones and just put every variable in a single group
(GN) or create one big group (GN). The result is that in a lot of cases the
trivial methods are better than the dynamic or intelligent ones. They represent
extreme groupings and do not use any FE to obtain the groupings. Fully
separable functions lead to very good results for GN, when a lot of interactions
occur G1 is often the best one. Contradictory results where GN performs well
on non-separable functions and G1 on fully separable were also detected. This
shows that in some cases the optimisation with the interacting variable groups
might not be the best idea to achieve good results and simple approaches
should be considered.

94



5.5. Result Summary

5. Are theoretical and empirical results congruent?

The theoretical results are taken into account in the empirical analysis.
Whether the results are congruent can not finally be answered because the the-
oretically correct groups could not be determined for the LSMOP test suite. A
congruent aspect is the analysis of the computational budget of the approaches.
MDG2 and the four TS are deterministic and use only ten percent of the FEs
of CA. This could also be noticed in the empirical results and was the main
reason why CA had a very weak performance. In this thesis the amount of
FEs which were used to obtain the grouping is also part of the GM.

The theoretic results of the trivial methods are congruent to the empirical ones
in the way that in fully separable functions for example LSMOP1 and 9 GN
performs best, which is also the theoretical correct grouping. For these two
problems, G1 has a very bad performance which is also plausible because it
is the other extreme than GN. However, there are also Contradictory results
where a total different method lead to the best result, for example G1 for the
fully separable problem LSMOP5.

6. What is more important, the grouping method itself or the how the
groups are used in the optimisation process?

The analysis of what is more important, the grouping methods of the optimi-
sation processes can be answered with a trade-off. An overall good grouping
could not be found, different groups work together better with different prob-
lems suites or reference algorithms. The answer is that both are important,
the grouping and the optimisation process, but they have to be considered as
one unit. The grouping has to work together with the optimisation process
and vice versa, they have to stick together. A superior GM which has superior
performance in both of the reference algorithms could not be found. Smaller
groups work better together with Ref1, bigger ones with Ref2.
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In this chapter the results of this work are summed up. The work which was
done is summarised and the most important results and findings are presented.
It is checked if the goals of the work were fulfilled. The last section gives an
overview about future work in this field and new research questions which
came up in this thesis.

6.1. Summary

The initial goals of this work were as follows:

1. Develop strategies which transfer single-objective grouping methods to
the multi-objective case

2. Examine the capabilities of existing and new approaches theoretically

3. Evaluate the performance of state-of-the-art grouping methods using the
proposed Transfer Strategies

In this thesis a lot of work was done. Existing state-of-the-art approaches for
single- and multi-objective grouping were described and analysed. Evolution-
ary Algorithms based on decomposition are presented and used as basis for
the comparison of the GMs. In total five new multi-objective GMs are pro-
posed. The two trivial methods G1 and GN, the dynamic ones MRAND and
MDELTA and the intelligent MDG2 with the for Transfer Strategies. All of
them exist in several different versions. The intelligent ones which are based
on the variable interactions are the core of the work. The TS describe sev-
eral ways for the transfer to multiple objectives. The first goal of the work is
fulfilled by this methods.

A theoretic and empirical evaluation was carried out. The theoretic evaluation
addresses the second goal. The LSMOP test suite was analysed and the inter-
nal interaction structures of the variables are derived. The theoretical correct
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groups for the optimisation could not be determined because the interactions
of variables differ between the multiple objectives. This structure was used
and the state-of-the-art GM from LMEA, namely CA was compared against
MDG2 in combination with the four TS. CA uses a higher computational
budget and do not find as much correct interactions as the TS.

To tackle the third goal a lot of empirical experiments are executed. The GMs
are tested against each other by inserting them into two reference algorithms
which use different techniques to optimise the groups. A big amount of ex-
periments were carried out to give a great overview over the performance of
the GMs. Experiments with the two test suites LSMOP and WFG, the two
reference algorithms Ref1 and Ref2 and different number of decision variables
ranging from 100 to 500 were executed. First the dynamic methods MRAND
and MDELTA are compared against each other, after that the TS, the last
part was a general comparison of all considered approaches.

A lot of different things are obtained during this work, the main findings are
as follows. All developed GMs outperform the state-of-the-art approach CA,
the main reason for this is the high computational budget used by it. State-
of-the-art EAs could be improved by using any of the five proposed GMs. The
combination of CA and the first reference algorithm is identical to the state-
of-the-art EA LMEA, which was also outperformed by all proposed methods.

The four TS have differences and in general one can say that the ones which
produce smaller groups perform better. Interesting and surprising were the
good performance of the trivial methods G1 and GN which just create one
overall group or put each variable in a single group. This shows that in some
cases the intelligent analysis of the interaction is not promising. No overall
superior method could be identified, different methods prefer different reference
algorithms, test suites and numbers of decision variables. For instance GMs
which produce smaller groups work better together with the LSMOP test suite
and the first reference algorithm, methods which produce bigger groups tend to
work better with the WFG test suite and the second reference algorithm. This
shows that no overall best GM could be identified and that the transfer to the
multi-objective case is a complex question which should have more attention.
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6.2. Future Work

6.2. Future Work

Some research questions and ideas for the future work are given in this section.
The ideas came up during the work of this thesis or after the analysis of the
results.

The results show that trivial and dynamic GMs are often better than the
intelligent analysis and do not need any FEs. A question is if other algorithms
which use intelligent methods could also be improved by simpler grouping
approaches? To test this the dynamic versions MRAND and MDELTA as well
as the trivial ones GN and G1 could be applied to well-known algorithms which
use a lot of FEs for their interaction analysis.

The next idea addresses overlapping subcomponents. All of the considered
works on subcomponents consider sharp ones, a real decomposition of the
problem. One variable can occur only in one group. In overlapping subcom-
ponents one can soften this up. A variable is allowed to occur in more than
one group, for instance the shared variables could be put in all of their groups.
Nevertheless, the problem of finding all complete subgraphs is NP-complete
and may lead to unacceptable runtime when considering large-scale problems.

The results show that different problems work together better with specific
GMs. An idea would be to consider not only one grouping but iterate over
a set of groups like the dynamic approaches. The TS and the dynamic and
trivial methods do not use any FEs, so creating a pool of groups and iterate or
chose one randomly every generation could be promising. A more ambitious
approach would be to measure the convergence with the different groupings
and select the best one during the optimisation. Such a method could select
the actual best grouping and may be an interesting improvement of the GMs
in this work.

The previous idea was based on a change of the grouping during an optimisa-
tion. Another idea would be the change of the optimisation procedure based
on the grouping. Actual state-of-the-art algorithms use one optimisation pro-
cedure for fully separable functions which lead to a lot of single groups and
non-separable functions which lead to one big group. That one optimisation
method could work well with such different groups can be questioned. An idea
could be to use different optimisers for different kinds of groups. For example
use Ref1 for smaller and Ref2 for bigger ones.
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A. Multidimensional Random Grouping

A. Multidimensional Random
Grouping

The tables which are too big for the evaluation in the thesis are depicted in
this appendices. The information of the tables are presented in the thesis in
an abbreviated form. The table specifications are described in 5.3.5.

In this Section the tables to compare the different versions of the Multidimen-
sional Random Grouping (MRAND) against each other are depicted. Each
table compares four MRAND versions (SX or NX with X = {2, 5, 20, 50} re-
spectively) against each other. Each table contains the IGD and HV values
for the four MRAND versions for 100 and 200 queried decision variables, this
aspects of the tables remain the same. The varying parts of the tables are
the reference algorithm, the version group and the problem suite. The com-
bination of the two reference algorithms Ref1 and Ref2, the two test suites
LSMOP and WFG and the two version groups SX and NX lead to a total of
eight tables.
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Table A.1.: Median IGD and HV values for Ref1 with the four NX versions
of MRAND as grouping method and the LSMOP test suite with
both 100 and 200 decision variables
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Table A.2.: Median IGD and HV values for Ref1 with the four NX versions of
MRAND as grouping method and the WFG test suite with both
100 and 200 decision variables
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Table A.3.: Median IGD and HV values for Ref1 with the four SX versions
of MRAND as grouping method and the LSMOP test suite with
both 100 and 200 decision variables
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Table A.4.: Median IGD and HV values for Ref1 with the four SX versions of
MRAND as grouping method and the WFG test suite with both
100 and 200 decision variables
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Table A.5.: Median IGD and HV values for Ref2 with the four NX versions
of MRAND as grouping method and the LSMOP test suite with
both 100 and 200 decision variables
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Table A.6.: Median IGD and HV values for Ref2 with the four NX versions of
MRAND as grouping method and the WFG test suite with both
100 and 200 decision variables
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Table A.7.: Median IGD and HV values for Ref2 with the four SX versions
of MRAND as grouping method and the LSMOP test suite with
both 100 and 200 decision variables

S
2

S
5

S
2
0

S
5
0

n=100

IGD

P
1

1
.4

5
8
8
e
-1

(
r
)

3
.3
1
4
8
e
-1

(
−

)
3
.2
8
5
5
e-
1
(
−

)
1
.9
8
4
3
e-
1
(
−

)

P
2

2
.3

9
3
7
e
-2

(
r
)

3
.1
7
3
5
e-
2
(
−

)
4
.9
4
1
3
e
-2

(
−

)
4
.2
5
2
7
e-
2
(
−

)

P
3

7
.0
7
3
5
e
-1

(
−

)
7
.0
7
1
1
e-
1
(
−

)
7
.0
7
0
7
e-
1
(
−

)
4
.8

4
9
4
e
-1

(
r
)

P
4

2
.4

3
7
4
e
-2

(
r
)

3
.4
8
2
3
e-
2
(
−

)
5
.7
7
2
7
e-
2
(
−

)
6
.0
5
5
5
e
-2

(
−

)

P
5

3
.4

1
1
0
e
-1

(
r
)

3
.4
2
4
2
e-
1
(
−

)
7
.4
0
5
4
e-
1
(
−

)
7
.4
2
0
8
e
-1

(
−

)

P
6

6
.3

6
2
8
e
-1

(
r
)

7
.4
2
4
6
e-
1
(
o
)

7
.4
2
6
3
e-
1
(
o
)

7
.4
2
9
3
e
-1

(
−

)

P
7

1
.3
6
4
5
e+

0
(
∗
)

1
.3
3
8
8
e+

0
(
∗
)

1
.3
0
3
3
e+

0
(
∗
)

1
.2
7
4
8
e+

0
(
∗
)

P
8

3
.7

2
8
9
e
-1

(
r
)

3
.8
1
9
1
e-
1
(
−

)
3
.8
5
3
7
e
-1

(
−

)
3
.8
4
9
4
e-
1
(
−

)

P
9

1
.5

3
2
1
e
-1

(
r
)

2
.6
6
9
9
e-
1
(
−

)
8
.1
0
0
4
e
-1

(
−

)
8
.1
0
0
4
e-
1
(
−

)

HV

P
1

5
.0

1
8
2
e
-1

(
r
)

2
.3
3
3
4
e-
1
(
−

)
2
.3
2
9
9
e
-1

(
−

)
4
.2
1
2
5
e-
1
(
−

)

P
2

6
.6

8
4
4
e
-1

(
r
)

6
.5
8
9
2
e-
1
(
−

)
6
.3
3
1
9
e
-1

(
−

)
6
.4
2
8
0
e-
1
(
−

)

P
3

1
.0
9
6
2
e
-1

(
−

)
1
.0
9
9
9
e-
1
(
−

)
1
.0
9
9
9
e-
1
(
−

)
1
.2

7
8
4
e
-1

(
r
)

P
4

6
.6

4
6
8
e
-1

(
r
)

6
.4
6
9
2
e-
1
(
−

)
6
.0
5
8
1
e-
1
(
−

)
6
.0
0
5
2
e
-1

(
−

)

P
5

2
.0
7
3
0
e-
1
(
−

)
2
.1

0
0
0
e
-1

(
r
)

1
.1
0
0
0
e-
1
(
−

)
1
.1
0
0
0
e
-1

(
−

)

P
6

1
.0
5
2
8
e
-1

(
−

)
1
.0
7
9
2
e-
1
(
o
)

1
.0

8
3
0
e
-1

(
r
)

1
.0
7
2
7
e-
1
(
−

)

P
7

—
(
∗
)

—
(
∗
)

—
(
∗
)

—
(
∗
)

P
8

1
.1
0
0
0
e-
1
(
o
)

1
.1
0
0
0
e-
1
(
−

)
1
.1

0
0
0
e
-1

(
r
)

1
.1
0
0
0
e
-1

(
−

)

P
9

7
.6

3
1
6
e
-1

(
r
)

6
.3
3
7
0
e-
1
(
−

)
3
.7
8
1
4
e
-1

(
−

)
3
.7
8
1
4
e-
1
(
−

)

n=200

IGD

P
1

1
.3

9
7
0
e
-1

(
r
)

3
.3
7
0
1
e-
1
(
−

)
3
.4
0
1
2
e
-1

(
−

)
2
.6
8
1
5
e-
1
(
−

)

P
2

3
.2
5
8
6
e-
2
(
o
)

3
.2

5
5
6
e
-2

(
r
)

3
.9
2
5
3
e
-2

(
−

)
3
.7
5
7
7
e-
2
(
−

)

P
3

9
.5
2
2
2
e
-1

(
−

)
7
.0
8
1
9
e-
1
(
−

)
7
.0
7
1
5
e-
1
(
o
)

7
.0

7
0
1
e
-1

(
r
)

P
4

1
.7

4
6
0
e
-2

(
r
)

2
.1
9
8
7
e-
2
(
−

)
4
.0
4
2
3
e-
2
(
−

)
4
.4
7
6
4
e
-2

(
−

)

P
5

7
.4
2
3
5
e
-1

(
−

)
3
.4

0
9
4
e
-1

(
r
)

3
.4
2
4
3
e-
1
(
−

)
7
.4
2
0
6
e-
1
(
−

)

P
6

7
.5
6
2
2
e-
1
(
o
)

7
.5

1
6
0
e
-1

(
r
)

7
.5
5
3
6
e-
1
(
−

)
7
.5
6
7
6
e
-1

(
−

)

P
7

2
.1
5
5
5
e+

0
(
∗
)

1
.8
4
5
5
e+

0
(
∗
)

1
.7
5
3
2
e+

0
(
∗
)

1
.4
4
0
4
e+

0
(
∗
)

P
8

3
.4

4
2
2
e
-1

(
r
)

3
.6
3
5
1
e-
1
(
−

)
3
.6
4
9
3
e-
1
(
−

)
3
.6
6
7
1
e
-1

(
−

)

P
9

6
.5

1
1
9
e
-2

(
r
)

1
.7
8
7
7
e-
1
(
−

)
8
.1
0
0
4
e
-1

(
−

)
8
.1
0
0
4
e-
1
(
−

)
HV

P
1

5
.1

0
0
6
e
-1

(
r
)

2
.2
9
5
1
e-
1
(
−

)
2
.2
5
5
9
e
-1

(
−

)
3
.2
5
1
5
e-
1
(
−

)

P
2

6
.5
5
7
0
e-
1
(
−

)
6
.5

8
2
9
e
-1

(
r
)

6
.4
8
9
3
e
-1

(
−

)
6
.5
0
9
8
e-
1
(
−

)

P
3

—
(
−

)
1
.0
8
3
2
e-
1
(
−

)
1
.0
9
8
9
e-
1
(
o
)

1
.0

9
9
0
e
-1

(
r
)

P
4

6
.7

7
9
5
e
-1

(
r
)

6
.6
9
5
2
e-
1
(
−

)
6
.3
9
2
9
e-
1
(
−

)
6
.3
1
9
5
e
-1

(
−

)

P
5

1
.0
9
1
8
e
-1

(
−

)
1
.9
5
6
1
e-
1
(
o
)

2
.0

9
8
8
e
-1

(
r
)

1
.1
0
0
0
e-
1
(
−

)

P
6

6
.5
9
7
6
e
-2

(
−

)
8
.3

6
7
6
e
-2

(
r
)

7
.3
6
0
7
e-
2
(
−

)
7
.2
1
5
2
e-
2
(
−

)

P
7

—
(
∗
)

—
(
∗
)

—
(
∗
)

—
(
∗
)

P
8

1
.3

4
3
7
e
-1

(
r
)

1
.1
0
0
0
e
-1

(
−

)
1
.1
0
0
0
e-
1
(
−

)
1
.1
0
0
0
e-
1
(
−

)

P
9

8
.8

8
0
6
e
-1

(
r
)

7
.1
1
6
6
e-
1
(
−

)
3
.7
8
1
4
e
-1

(
−

)
3
.7
8
1
4
e-
1
(
−

)

Table A.8.: Median IGD and HV values for Ref2 with the four SX versions of
MRAND as grouping method and the WFG test suite with both
100 and 200 decision variables
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Table A.9.: IQR values of IGD and HV for Ref1 with the four NX versions
of MRAND as grouping method and the LSMOP test suite with
both 100 and 200 decision variables
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Table A.10.: IQR values of IGD and HV for Ref1 with the four NX versions of
MRAND as grouping method and the WFG test suite with both
100 and 200 decision variables
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A. Multidimensional Random Grouping

Table A.11.: IQR values of IGD and HV for Ref1 with the four SX versions
of MRAND as grouping method and the LSMOP test suite with
both 100 and 200 decision variables
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Table A.12.: IQR values of IGD and HV for Ref1 with the four SX versions of
MRAND as grouping method and the WFG test suite with both
100 and 200 decision variables
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Table A.13.: IQR values of IGD and HV for Ref2 with the four NX versions
of MRAND as grouping method and the LSMOP test suite with
both 100 and 200 decision variables
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Table A.14.: IQR values for IGD and HV for Ref2 with the four NX versions
of MRAND as grouping method and the WFG test suite with
both 100 and 200 decision variables
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A. Multidimensional Random Grouping

Table A.15.: IQR values of IGD and HV for Ref2 with the four SX versions
of MRAND as grouping method and the LSMOP test suite with
both 100 and 200 decision variables
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Table A.16.: IQR values for IGD and HV for Ref2 with the four SX versions of
MRAND as grouping method and the WFG test suite with both
100 and 200 decision variables
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B. Multidimensional Delta
Grouping

In this Section the tables to compare the different versions of the Multidimen-
sional Delta Grouping (MDELTA) against each other are depicted. Each table
compares four MDELTA versions (SX or NX with X = {2, 5, 20, 50} respec-
tively) against each other. Each table contains the IGD and HV values for
the four MDELTA versions for 100 and 200 decision variables, this aspects of
the tables remain the same. The varying parts of the tables are the reference
algorithm, the version group and the problem suite. The combination of the
two reference algorithms Ref1 and Ref2, the two test suites LSMOP and WFG
and the two version groups SX and NX lead to a total of eight tables.
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B. Multidimensional Delta Grouping

Table B.1.: Median IGD and HV values for Ref1 with the four NX versions
of MDELTA as grouping method and the LSMOP test suite with
both 100 and 200 decision variables
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Table B.2.: Median IGD and HV values for Ref1 with the four NX versions of
MDELTA as grouping method and the WFG test suite with both
100 and 200 decision variables
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Table B.3.: Median IGD and HV values for Ref1 with the four SX versions
of MDELTA as grouping method and the LSMOP test suite with
both 100 and 200 decision variables
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Table B.4.: Median IGD and HV values for Ref1 with the four SX versions of
MDELTA as grouping method and the WFG test suite with both
100 and 200 decision variables
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Table B.5.: Median IGD and HV values for Ref2 with the four NX versions
of MDELTA as grouping method and the LSMOP test suite with
both 100 and 200 decision variables
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Table B.6.: Median IGD and HV values for Ref2 with the four NX versions of
MDELTA as grouping method and the WFG test suite with both
100 and 200 decision variables
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Table B.7.: Median IGD and HV values for Ref2 with the four SX versions
of MDELTA as grouping method and the LSMOP test suite with
both 100 and 200 decision variables
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Table B.8.: Median IGD and HV values for Ref2 with the four SX versions of
MDELTA as grouping method and the WFG test suite with both
100 and 200 decision variables

S
2

S
5

S
2
0

S
5
0

n=100

IGD

P
1

5
.1
3
6
1
e
-1

(
−

)
2
.3
8
3
8
e-
1
(
−

)
1
.5

0
4
4
e
-1

(
r
)

2
.2
0
0
9
e-
1
(
−

)

P
2

1
.0
9
0
5
e
-1

(
−

)
6
.7
8
9
5
e-
2
(
−

)
6
.4
7
9
4
e-
2
(
o
)

6
.1

4
7
3
e
-2

(
r
)

P
3

1
.1
0
4
3
e
-1

(
−

)
4
.8

4
1
6
e
-2

(
r
)

5
.9
9
9
3
e-
2
(
−

)
6
.6
8
0
9
e-
2
(
−

)

P
4

1
.3
8
7
7
e-
2
(
o
)

1
.3
9
3
3
e
-2

(
o
)

1
.3
8
6
8
e-
2
(
o
)

1
.3

8
5
7
e
-2

(
r
)

P
5

6
.3
7
3
1
e-
2
(
−

)
6
.3

6
7
4
e
-2

(
r
)

6
.3
7
3
5
e
-2

(
−

)
6
.3
7
1
0
e-
2
(
−

)

P
6

1
.9
3
5
4
e
-2

(
−

)
1
.8
9
3
6
e-
2
(
−

)
1
.7
6
7
3
e-
2
(
−

)
1
.6

2
4
1
e
-2

(
r
)

P
7

1
.4
1
9
8
e
-2

(
−

)
1
.4
1
0
3
e-
2
(
−

)
1
.4
0
4
7
e-
2
(
−

)
1
.3

8
4
4
e
-2

(
r
)

P
8

5
.6
8
6
7
e-
2
(
−

)
4
.7

9
9
3
e
-2

(
r
)

6
.2
4
1
0
e-
2
(
−

)
8
.3
7
8
8
e
-2

(
−

)

P
9

3
.4
3
6
6
e
-2

(
−

)
3
.4
1
7
9
e-
2
(
−

)
2
.1

1
0
5
e
-2

(
r
)

2
.6
1
7
5
e-
2
(
−

)

HV

P
1

4
.1
3
7
3
e+

0
(
−

)
5
.6
0
1
3
e+

0
(
−

)
5
.9

3
8
8
e
+

0
(
r
)

5
.6
0
6
8
e+

0
(
−

)

P
2

5
.5
4
0
2
e+

0
(
−

)
5
.7
6
7
8
e+

0
(
−

)
5
.7
8
6
6
e+

0
(
o
)

5
.8

1
2
6
e
+

0
(
r
)

P
3

5
.1
0
2
3
e+

0
(
−

)
5
.4

0
9
3
e
+

0
(
r
)

5
.3
5
0
3
e+

0
(
−

)
5
.3
1
6
1
e+

0
(
−

)

P
4

3
.3
5
9
4
e+

0
(
−

)
3
.3
6
0
4
e+

0
(
−

)
3
.3
6
1
7
e+

0
(
o
)

3
.3

6
1
7
e
+

0
(
r
)

P
5

3
.0
3
2
1
e+

0
(
−

)
3
.0
3
3
9
e+

0
(
o
)

3
.0
3
4
1
e+

0
(
o
)

3
.0

3
4
1
e
+

0
(
r
)

P
6

3
.2
9
6
4
e+

0
(
−

)
3
.2
9
9
9
e+

0
(
−

)
3
.3
1
0
3
e+

0
(
−

)
3
.3

2
5
0
e
+

0
(
r
)

P
7

3
.3
5
9
9
e+

0
(
−

)
3
.3
6
2
6
e+

0
(
−

)
3
.3

6
3
3
e
+

0
(
r
)

3
.3
6
2
5
e+

0
(
−

)

P
8

3
.1
0
4
2
e+

0
(
−

)
3
.1

3
4
4
e
+

0
(
r
)

3
.0
5
2
1
e+

0
(
−

)
2
.9
3
9
1
e+

0
(
−

)

P
9

3
.1
7
1
7
e+

0
(
−

)
3
.1
7
3
0
e+

0
(
−

)
3
.2

7
3
8
e
+

0
(
r
)

3
.2
4
7
9
e+

0
(
−

)

n=200

IGD

P
1

8
.1
4
7
6
e
-1

(
−

)
4
.5
7
3
8
e-
1
(
−

)
2
.1
1
7
7
e-
1
(
o
)

2
.0

2
7
0
e
-1

(
r
)

P
2

1
.6
8
3
1
e
-1

(
−

)
1
.2
5
5
4
e-
1
(
−

)
1
.1
4
9
7
e-
1
(
o
)

1
.1

1
9
7
e
-1

(
r
)

P
3

1
.7
4
3
1
e
-1

(
−

)
1
.3
0
2
3
e-
1
(
o
)

1
.1

9
5
0
e
-1

(
r
)

1
.2
2
8
1
e-
1
(
o
)

P
4

1
.4
1
9
2
e-
2
(
−

)
1
.4
2
4
4
e
-2

(
−

)
1
.4
0
8
4
e-
2
(
o
)

1
.3

9
8
4
e
-2

(
r
)

P
5

6
.3
9
0
3
e
-2

(
−

)
6
.3

6
4
2
e
-2

(
r
)

6
.3
6
5
3
e-
2
(
o
)

6
.3
7
5
2
e-
2
(
o
)

P
6

1
.5
8
2
3
e
-2

(
−

)
1
.5
6
7
0
e-
2
(
−

)
1
.4
9
4
9
e-
2
(
o
)

1
.4

7
9
6
e
-2

(
r
)

P
7

1
.7
8
8
3
e
-2

(
−

)
1
.4
3
1
5
e-
2
(
−

)
1
.4
1
1
6
e-
2
(
o
)

1
.4

0
7
3
e
-2

(
r
)

P
8

5
.4
6
3
8
e-
2
(
−

)
4
.9

6
5
5
e
-2

(
r
)

6
.3
7
6
6
e-
2
(
−

)
7
.5
8
9
0
e
-2

(
−

)

P
9

2
.8
4
7
1
e
-2

(
−

)
2
.5
0
2
9
e-
2
(
−

)
2
.2
0
1
3
e-
2
(
o
)

2
.1

7
5
9
e
-2

(
r
)

HV

P
1

2
.8
4
4
0
e+

0
(
−

)
4
.4
1
5
9
e+

0
(
−

)
5
.6
1
5
5
e+

0
(
o
)

5
.6

9
6
6
e
+

0
(
r
)

P
2

5
.2
2
2
0
e+

0
(
−

)
5
.4
5
3
4
e+

0
(
−

)
5
.5
1
0
4
e+

0
(
o
)

5
.5

2
4
3
e
+

0
(
r
)

P
3

4
.7
9
6
1
e+

0
(
−

)
5
.0
0
7
7
e+

0
(
o
)

5
.0

5
9
1
e
+

0
(
r
)

5
.0
4
2
0
e+

0
(
o
)

P
4

3
.3
5
2
4
e+

0
(
−

)
3
.3
5
1
2
e+

0
(
−

)
3
.3
5
5
2
e+

0
(
−

)
3
.3

5
7
3
e
+

0
(
r
)

P
5

3
.0
2
8
0
e+

0
(
−

)
3
.0
3
3
1
e+

0
(
−

)
3
.0

3
4
3
e
+

0
(
r
)

3
.0
3
4
1
e+

0
(
o
)

P
6

3
.3
2
8
9
e+

0
(
−

)
3
.3
2
9
8
e+

0
(
−

)
3
.3
3
5
7
e+

0
(
−

)
3
.3

4
0
8
e
+

0
(
r
)

P
7

3
.3
1
7
4
e+

0
(
−

)
3
.3
5
5
3
e+

0
(
−

)
3
.3
6
2
4
e+

0
(
−

)
3
.3

6
3
1
e
+

0
(
r
)

P
8

3
.1
0
0
8
e+

0
(
−

)
3
.1

2
4
1
e
+

0
(
r
)

3
.0
3
7
8
e+

0
(
−

)
2
.9
6
9
1
e+

0
(
−

)

P
9

3
.2
1
9
9
e+

0
(
−

)
3
.2
3
4
2
e+

0
(
−

)
3
.2
7
0
6
e+

0
(
o
)

3
.2

7
1
9
e
+

0
(
r
)

121



B. Multidimensional Delta Grouping

Table B.9.: IQR values for IGD and HV for Ref1 with the four NX versions
of MDELTA as grouping method and the LSMOP test suite with
both 100 and 200 decision variables
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Table B.10.: IQR values for IGD and HV for Ref1 with the four NX versions
of MDELTA as grouping method and the WFG test suite with
both 100 and 200 decision variables
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Table B.11.: IQR values for IGD and HV for Ref1 with the four SX versions
of MDELTA as grouping method and the LSMOP test suite with
both 100 and 200 decision variables
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Table B.12.: IQR values for IGD and HV for Ref1 with the four SX versions
of MDELTA as grouping method and the WFG test suite with
both 100 and 200 decision variables
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B. Multidimensional Delta Grouping

Table B.13.: IQR values for IGD and HV for Ref2 with the four NX versions
of MDELTA as grouping method and the LSMOP test suite with
both 100 and 200 decision variables
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Table B.14.: IQR values for IGD and HV for Ref2 with the four NX versions
of MDELTA as grouping method and the WFG test suite with
both 100 and 200 decision variables
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Table B.15.: IQR values for IGD and HV for Ref2 with the four SX versions
of MDELTA as grouping method and the LSMOP test suite with
both 100 and 200 decision variables
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Table B.16.: IQR values for IGD and HV for Ref2 with the four SX versions
of MDELTA as grouping method and the WFG test suite with
both 100 and 200 decision variables
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C. Comparison of
Multidimensional Random
and Delta Grouping

In this section the tables to compare versions of MRAND and MDELTA are
depicted. Each table contains information about the two test suites LSMOP
and WFG, the two quality criteria HV and IGD and eight versions of MRAND
and MDELTA.
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Table C.1.: Median IGD and HV values for Ref1 with MRAND and MDELTA
with S2 and N50 versions for the LSMOP and WFG test suite and
100 decision variables
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C. Comparison of Multidimensional Random and Delta Grouping

Table C.2.: Median IGD and HV values for Ref2 with MRAND and MDELTA
with S2 and N50 versions for the LSMOP and WFG test suite and
100 decision variables
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Table C.3.: Median IGD and HV values for Ref1 with MRAND and MDELTA
with S2 and N50 versions for the LSMOP and WFG test suite and
200 decision variables
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C. Comparison of Multidimensional Random and Delta Grouping

Table C.4.: Median IGD and HV values for Ref2 with MRAND and MDELTA
with S2 and N50 versions for the LSMOP and WFG test suite and
200 decision variables
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D. MDG2 Transfer Strategies

In this section the tables to compare Multidimensional Differential Grouping 2
(MDG2) with the different Transfer Strategies against each other are depicted.
Each table compares MDG2 with the four Transfer Strategies against each
other. Each table contains the IGD and HV values for the four Transfer
Strategies.
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D. MDG2 Transfer Strategies

Table D.1.: Median IGD and HV values for Ref1 with MDG2 and the four
Transfer Strategies for the LSMOP test suite and both 100 and
200 decision variables
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Table D.2.: Median IGD and HV values for Ref1 with MDG2 and the four
Transfer Strategies for the WFG test suite and both 100 and 200

decision variables
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Table D.3.: Median IGD and HV values for Ref2 with MDG2 and the four
Transfer Strategies for the LSMOP test suite and both 100 and
200 decision variables
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Table D.4.: Median IGD and HV values for Ref2 with MDG2 and the four
Transfer Strategies for the WFG test suite and both 100 and 200

decision variables
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Table D.5.: Median IGD and HV values for Ref1 and Ref2 with MDG2 and
the four Transfer Strategies for the LSMOP test suite and 500

decision variables
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Table D.6.: Median IGD and HV values for Ref1 and Ref2 with MDG2 and the
four Transfer Strategies for the WFG test suite and 500 decision
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Table D.7.: IQR values of IGD and HV for Ref1 with MDG2 and the four
Transfer Strategies for the LSMOP test suite and both 100 and
200 decision variables
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Table D.8.: IQR values of IGD and HV for Ref1 with MDG2 and the four
Transfer Strategies for the WFG test suite and both 100 and 200

decision variables
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D. MDG2 Transfer Strategies

Table D.9.: IQR values of IGD and HV for Ref2 with MDG2 and the four
Transfer Strategies for the LSMOP test suite and both 100 and
200 decision variables
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Table D.10.: IQR values of IGD and HV for Ref2 with MDG2 and the four
Transfer Strategies for the WFG test suite and both 100 and 200

decision variables
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Table D.11.: IQR values of IGD and HV for Ref1 and Ref2 with MDG2 and
the four Transfer Strategies for the LSMOP test suite and 500

decision variables
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Table D.12.: IQR values of IGD and HV forRef1 andRef2 with MDG2 and the
four Transfer Strategies for the WFG test suite and 500 decision
variables
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E. General Comparison

In this section the tables to compare nine different Grouping Methods against
each other are depicted. The nine algorithms are: MDG2 with the four Trans-
fer Strategies, MRAND+S2, MDELTA+S2, GN, G1 and Correlation Analysis
from LMEA. The results are displayed in 12 tables.
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Table E.1.: Median IGD and HV values for Ref1 with the nine grouping meth-
ods for the LSMOP and WFG test suite and 100 decision variables
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E. General Comparison

Table E.2.: Median IGD and HV values for Ref2 with the nine grouping meth-
ods for the LSMOP and WFG test suite and n = 100
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Table E.3.: Median IGD and HV values for Ref1 with the nine grouping meth-
ods for the LSMOP and WFG test suite and n = 200
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E. General Comparison

Table E.4.: Median IGD and HV values for Ref2 with the nine grouping meth-
ods for the LSMOP and WFG test suite and n = 200
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Table E.5.: Median IGD and HV values for Ref1 with the nine grouping meth-
ods for the LSMOP and WFG test suite and n = 500
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E. General Comparison

Table E.6.: Median IGD and HV values for Ref2 with the nine grouping meth-
ods for the LSMOP and WFG test suite and n = 500
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Table E.7.: IQR values of IGD and HV for Ref1 with the nine grouping meth-
ods for the LSMOP and WFG test suite and 100 decision variables
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E. General Comparison

Table E.8.: IQR values of IGD and HV for Ref2 with the nine grouping meth-
ods for the LSMOP and WFG test suite and n = 100
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Table E.9.: IQR values of IGD and HV for Ref1 with the nine grouping meth-
ods for the LSMOP and WFG test suite and n = 200
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E. General Comparison

Table E.10.: IQR values of IGD and HV for Ref2 with the nine grouping meth-
ods for the LSMOP and WFG test suite and n = 200
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Table E.11.: IQR values of IGD and HV for Ref1 with the nine grouping meth-
ods for the LSMOP and WFG test suite and n = 500
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Table E.12.: IQR values of IGD and HV for Ref2 with the nine grouping meth-
ods for the LSMOP and WFG test suite and n = 500
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